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Basic notations. 

1) R = {a} C R = {[a, i^aj],j € Z]} : root systems in i?" with the 
form ( , ) and i?""*"^; Ua = {a, a)/2, i^sht = 1- 

2) W CW= {si, <i <n) = W^Q CW = W^P for the root 
and weight lattices Q, P; l{w), Kiw) are the length and partial length; 
i? is a lattice between Q and P. 

3) n = P/Q = {iTr, r G O}, O is the orbit of oq in the affine Dynkin 
diagram F; = [— -i?, 1] for the maximal short root ^; O' = O \ ao; 

= W:kB = Wy^U^ for the image of B in U. 

4) \{w) = R^ n w~^{R^),w G W; for reduced w = UrSi^ ■ ■ -SjjSj^, 
X{w) = {5' = w~^s^ (ctjj, . . . , 5^ = (ajj), 5^ = Oj^}; w = vr"^ w. 

5) {wb){{z)) =w{b + z), ( [z, l]^ z' + d) = (2, z') + Hot w e W, b e 
P, z e C"; {w{[zj]),w{{z'))+d) = {[z,l],z' + d) for w e W; 
C= {z e M", {z,ai) > as z > 0}, e = nHo-^^.' where ^i^^,^,] = 
{z e M'^, {z,a)+j > 0}. 

6) Pi/ = I ^,y„=v'^ = J2ui=u^i^ where a G R+, Ui are fundamental 
weights; (p^)^ = p^/i/, 2pfc = Y.aeR+ = ^" = 

7) b = TibUb for 6 G P, Mb G , where = b^ E P^ and A(7ri)n 
= 0; = TTj^^ for r G O'; MbVTfc = 6„, 6+ = Wo(&-) = ?(-^-); 
= & -^^^^(Pfe)• 
8) V = Qq,t[Xfe] = <Q_q^t[Xb,b G -B] : the polynomial representation 

over Qg,t = Qf^^i/*", t^^/^j for (S, B) = (l/m)Z; and are X and 

Y intertwiners; = r+(Ti) + , i > 0, Pr = r+{nr), r G O' for 

the DAHA-automorphism r+. 

9) Ej,, Ej,, Pb,Sb = Eb/ Eb{q~^'') : non-semisimple, nonsymmetric, 
symmetric and spherical polynomials, b & B] is acting on Eb- 

10) Vfe C V;, C V(— : spaces of generalized F— eigenvectors in V; 
Vb may depend on the reduced decomposition of T^bip E B),Vb = lim 
does not depend on the decomposition; '^q are the generalized 
intertwiners defined in terms of R^ . 

11) R^ is a root subsystem in _R, = {sa, a G -R°); in the context 
of V, PO = {5 = [a,uj] G R I = qt^"^'^''^ = 1}; = 
{w G W^'' I g^'^^^)) = }; 11^ is the product of affine exponents. 
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0. Introduction 

The paper is mainly devoted to the irreducibihty of the polynomial 
representation of the Double affine Hecke algebra, DAHA, for arbitrary 
reduced root systems and generic "central charge" q. 

The technique of intertwiners from [C7] in a non-semisimple variant 
is the main tool. It is important for the decomposition of the poly- 
nomial representation in terms of irreducible DAHA modules and for 
its weight decomposition. We focus on the principal aspects of the 
technique of intertwiners and discuss only basic (and instructional) ap- 
plications. Generally, it is more efficient to combine the intertwiners 
with other approaches, to be considered in further papers, including 
author's (unpublished) construction of the Jantzen— type filtration. 

There are several methods that can be used now in the study of 
the polynomial representation of DAHA and its degenerations. Cer- 
tainly the localization functor (the KZ— monodromy) from [GGOR, 
VV2] must be mentioned, as well as the geometric methods of [VV3] 
and the parabolic induction from recent [BE]. The technique of in- 
tertwiners provides constructive (relatively elementary) tools for man- 
aging the irreducibihty of the polynomial representation and its con- 
stituents for any g, t based on combinatorics of affine Weyl groups. 

An important general objective of this technique is finding a coun- 
terpart of the classical theory of highest vectors for DAHA (and AHA), 
complementary to the geometric method of [KLl]. It involves difficult 
combinatorial problems and is known only for type A and in some cases 
of small ranks. However, the geometric DAHA methods are far from 
simple too and explicit theory of DAHA modules is needed in quite a 
few applications (see Section 0.4). 

Main constructions. The polynomial representation, denoted by V 
in the paper, is well known to be irreducible and semisimple for generic 
values of the DAHA-parameters q and t = q^. \t becomes reducible 
either when g is a root of unity or for generic q and special t. 

We perform a complete analysis of the irreducibihty and semisim- 
plicity of V for generic q. Another application is a construction of the 
canonical semisimple submodule in V generalizing that of type A from 
[FJMM] (the symmetric variant) and [Ka] (the non-symmetric case). 

We begin with a description of all singular t = q^ making (by def- 
inition) the radical of the evaluation pairing nonzero. The answer is 



NON-SEMISIMPLE MACDONALD POLYNOMIALS 



5 



given in terms of the principal values (at t~P) of the nonsymmetric 
Macdonald polynomials [C5, C6, Cll] for the weights sufficiently large 
to ensure the existence of these polynomials. The same answer can be 
obtain using a generalization of the method from [01, 02] in the ratio- 
nal case based on the shift- operator. The latter is used to calculate the 
principal value of the t— discriminant Dy applied to the t— discriminant 
Dx in V, where X, Y are the generators of DAHA. The approach via 
the Macdonald polynomials has no rational counterpart. 
The evaluation pairing is defined as follows: 

{E,F} = E{Y-'){F{X)){t-P), E,FeV; 

for instance, DY{Dx){t~P) = {Dx-^, Dx}- In the simply-laced case, 
the radical Rad of this pairing is zero if and only V is irreducible. This 
equivalence becomes more subtle in the non-simply-laced well 
as the formula for DY{Dx){t~'^) . The theory provides the best 
(and direct) method for calculating this formula, including managing 
the rational case through the limiting procedure from DAHA to its 
rational degeneration. 

The main objects of this paper are the chains of the intertwiners 
and non-semisimple Macdonald polynomials (defined via such chains). 
We define a system of subspaces in V with the Macdonald polynomials 
as top elements in a punctured neighborhood of a singular t and then 
extend this construction to singular t. 

In contrast to the semisimple case, the related combinatorics of the 
affine root systems and affine Weyl groups becomes significantly more 
involved. For instance, the non-semisimple Macdonald polynomials 
may depend on the choice of the reduced decomposition of the corre- 
sponding elements in the affine Weyl groups, the relative Bruhat or- 
dering is needed versus the usual one, and so on. 

There are six Main Theorems in the paper, we will discuss its con- 
tents following these theorems beginning with those of combinatorial 
nature. 

0.1. Reduced decompositions. A significant part of the paper is 
devoted to the combinatorics of affine root systems grouped around 
the reduced decompositions. The theory of reduced decompositions 
in affine (and non-affine) Weyl groups is far from being simple and 
complete. 
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The affine exponents (see below), generalizing the classical Coxeter 
exponents, demonstrate that there are many properties of the reduced 
decompositions we do not know. 

Almost all facts of combinatorial nature we mention/prove in the pa- 
per are really needed here. Some, like Main Theorem 2.4, are expected 
to be used in other papers, say, for the classification of the semisimple 
representations and in the theory of Jantzen— type filtration. 

Generally speaking, many (if not all) theorems established in [C12] 
and previous author's papers (including the Macdonald conjectures) 
are corollaries of relatively few facts on affine root systems and affine 
Weyl groups. Extending the list of such basic facts is very important; 
any progress here can be readily translated to the DAHA and AHA 
theories. This paper demonstrates it. 

We note that an abstract foundation of our approach is the notion of 
a pair of compatible r— matrices associated with an affine root system 
and its root subsystem (i?° C R, see below). There is a connection with 
Kauffman's axioms of virtual links in topology [GPV] (when extended 
to arbitrary affine root systems), although the relation is direct only 
for some representations of DAHA. 

Let us briefly discuss the main theorems of the "combinatorial part" 
of this paper. We begin with an irreducible reduced root system R and 
its affine extension R = {[a, -^^^ j]}, where a E R, j ^ Z; W is the 

Weyl group of R, W is the extended affine Weyl group W = W^kP 
defined for the weight lattice P of R. 

Main Theorem 2. 1. The key tool we use in the theory of the extended 
affine Weyl group W is the notion of the A— set: \{w) = R+nw^^{—R+) 
for w G W, where R+ is the set of positive roots in R. It is well-known 
that w is uniquely determined by X{w); many properties of w and its 
reduced decompositions can be interpreted in terms of this set. We give 
an intrinsic description of the A— sets, more generally, the X— sequences , 
that are A— sets with the orderings induced by reduced decompositions 
of w. Essentially, the description is given in terms of the "triangle 
triples" a,a + j3,p. Say, 5, /3 G X{w) =^ a + P E X{w) and the latter 
root must be between a and (3 if this set is treated as a sequence. 

This theorem is not exactly new (although we cannot give precise 
references); however, we think, it is the most complete one of this kind. 
Several adjustments and generalizations were needed here since we need 
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to catch the ordering of the roots in X{w) and because we are doing 
the affine theory. It plays an important technical role in the paper; 
we decided to give its proof. It is mainly used as a list of properties 
of X{w); in the opposite direction, it gives that the intersections of 
A— sequences with root subsystems remain A— sequences. 

Main Theorem 2.4- We need to know when a set of positive roots of a 
rank two subsystem inside a given sequence X{w) can be made consecu- 
tive using the Coxeter transforms in X{w). This problem can be readily 
reduced to considering triangle triples {a, a + (3,(3} provided special 
conditions (a,b,c) from the theorem. Only for afiine An, B2,C2,G2 or 
when \a\ ^ the answer is always affirmative. For afiine A^, it can 
be deduced directly from the interpretation of [C2]) in terms of the 
lines on the cylinder. Generally the admissibility condition is needed, 
which is formulated in terms of subsystems of R of types -B3, C3, D^; 
the justification requires using subsystems of types i?4, C4, D^. Some 
technical details of the proof of this theorem are omitted in the present 
paper. Namely, the obstacles of type D4 are not discussed in full and 
the proof is not complete in the case F4 (as \a\ = we hope to 
continue this topic in other works. 

Its applications. Presumably, this theorem "explains" the difficul- 
ties with "AHA-DAHA highest vectors", generalizing Zelevinsky's seg- 
ments (known only in the A— case and for some root systems of small 
ranks). Generally, we need the approach from [KLl] and similar geo- 
metric constructions. The classification of semisimple representations 
of DAHA seems a natural first step toward the theory of highest vec- 
tors/weights. 

In the case of affine root system of type A, the classification of such 
representations was obtained in [C9] in terms of infinite periodic skew 
Young diagrams (see also [C12]). Let us also mentioned paper [SuV], 
where the result is the same as in [C9] but the approach is somewhat 
different. In [C9], it was obtained as a corollary of the Main Theorem 
there (for arbitrary root systems) based on the technique of intertwiners 
combined with Zelevinsky's classification in the case of the affine Hecke 
algebra of type A (adjusted to the semisimple affine case in author's 
papers). 

Theorem 2.4 for the affine A-system is an important (actually, the 
key) ingredient of the construction from [C9] and its justification. The 
classification of the semisimple representations of DAHA for arbitrary 
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root systems (not finished at the moment) will be addressed in author's 
future papers. 

In this paper, we do not particularly need Theorem 2.4 for the theory 
of V. Corollary 3.6 can be used to justify applying Key Lemma 12.5 to 
the irreducibility of V (Main Theorem 12.7), but Lemma 1.2 is actually 
sufficient. 

0.2. AfHne exponents. The classical exponents of an irreducible re- 
duced root system R are given by the formula: 

We will not review their various and important applications in algebra, 
combinatorics, geometry and topology; see, e.g., [B, Hu] concerning ba- 
sic (certainly not all) aspects of their theory. Algebraically, this formula 
is about reducing coinciding terms in the numerator and denominator 
of the product in the left-hand side. This viewpoint will be the main 
in this paper. 

The affine counterpart of Hr is defined in terms of q and ta = q^", 
where qa = q'^" for Ua = (a, a)/2 and ka depends only on z/q,: 

aGR+ j=i l-L ya ; 

The normalization here is z/q, = 1 for short roots; 2pk = YlaeR+ ^aCt- 
Generally, the definition depends on a pair of affine extensions of R 
and/or its dual i?^. The definition above is for the pair {R,R} where 
R= {[a, z/qj], a e R, jE Z}. 

The root subsystem i?° = { [a,z/Qj], qi^^"" '^'^^ = 1} (compare with 
the denominator of the last formula), the Weyl group W'^ of R^, and 
the relative Bruhat ordering for the pair R^ d R play the key role in 
our analysis of V. The main technical reason is that the roots from R^ 
lead to singular intertwiners (see below); R^ appears virtually in all 
statements and formulas of the paper. 

We calculate 11^ in terms of the affine exponents in a way similar to 
the classical formula; 11^ becomes Ur as g = 0, t = tsht = ^ing, (equiva- 
lently, k = ksht = ^^ing^ing), so our construction is a direct generalization 
of the classical definition. 
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In the simply-laced case: 

i=l 

We give complete lists of the affine exponents for any (reduced) root 
systems but their combinatorics is not considered in full in this paper, 
as well as their various applications. For instance, a Langlands-type 
duality holds, namely. Theorem 8.2: 

njj(g, king, hht) = nj^(g, /csht, king) 

for the affine root system R = {[a,j], a G R,j G Z} when the pair 
{R, i?^} is used in the definition of 11^. 

It is directly connected with the DAHA— Fourier transform, to be 
discussed in further papers. Generally, there are confirmations that, as 
far as DAHA can be used, Langlands' correspondence can be associated 
with the Fourier transform, which plays the key role in the theory of 
DAHA. 

The functoriality of H^ and H^ with respect to the affine root sub- 
systems of R is not discussed at all. The affine exponents for H^ satisfy 
a g ^ g'— duality, for instance, rational singular k are in a sense dual 
to the zeros of the Poincare polynomial (see (12.41)). This property is 
related to Theorem 12.7, but is not discussed systematically. Also, no 
interpretation of H^ and H^ as a Poincare series is known. 

The main motivation of the affine exponents in the paper is that 
their zeros upon multiplicative translations by the elements from g^- 
constitute the list of all singular t, defined as those making the radical of 
the polynomial representation nonzero. For instance, tging = g"-'/'^™'"'"^) 
for j > in the simply-laced case (the zeros of H/j must be excluded). 
It is intimately related to the following formula. 

Calculating Dy{Dx){^~^)- This expression generalizes the one 
in the rational setting, which is Dy{Dx) for the ?/— discriminant Dy = 
TlaeR+ Voi i'^ terms of the differential rational Dunkl operators [D] , 

y, = d,+ V ^^^(1-s.) for 6GP, 

a&R+ 

applied to the x— discriminant = Yla^R 



10 



IVAN CHEREDNIK 



The latter expression is already a constant (depending on the k— 
parameters), so the evaluation is not necessary in the rational case. 
This formula is due to Opdam [01] in the crystallographical case; see 
[02, DJO] for explicit formulas in the non-simply-laced cases and for 
/2(2m), H^, H4. A straightforward algebraic verification of this formula 
is known (and quite involved) only in the A— case (Dunkl, Hanlon). 

The methods involved in [01, 02, DJO] are the Heckman — Opdam 
theory of Jacobi— Jack polynomials, the Macdonald — Mehta conjec- 
ture (proved by Opdam) and also the semisimplicity theorem for the 
classical Hecke algebras from [GU]. Employing the Jack polynomi- 
als is remarkable; it requires differential-trigonometric setting (we use 
the difference-trigonometric setting in a similar manner). Using the 
monodromy method and [GU] provides a universal tool, but the least 
direct. 

The difference case. The calculation of Dy{Dx) becomes simple 
and uniform (for any /c— parameters) in the general q, t— case. See Main 
Theorem 7.2. We check that Dy{Dx) is proportional to the symmetric 
Macdonald polynomial of weight p using the shift operator from [C4] 
and employ the Macdonald's principal value conjecture proven in [C9]; 
the result is 11^ up to some powers of q, t. Combining this formula 
with the limiting procedure from the general DAHA to its rational 
degeneration gives another justification of the Opdam formula (in the 
crystallographic case). 

Concerning the evaluation (principal value) formula, its proof is en- 
tirely conceptual, a direct corollary of the DAHA— duality. We improve 
its deduction in this paper; see Proposition 6.6. 

Note that the Macdonald polynomials collapse in the rational limit; 
the differential rational Dunkl operators are nilpotent in the polynomial 
representation and have no eigenvalues but 0. In the trigonometric 
case, the Jack polynomials exist but the duality collapse (the evaluation 
formula holds); We think, it explains why the difference theory is the 
most relevant to deal with Dy{Dx) and, correspondingly, Dy{Dj.). 

Last but not the least, the Coxeter exponents "naturally" enter the 
q, t— setting, almost directly due to their definition via Ufi. It "explains" 
why the Coxeter exponents appear almost everywhere in the Macdo- 
nald — Matsumoto theory of p— adic spherical functions; the limit q ^ 
is exactly the passage from DAHA to the p— adic theory. Another ad- 
vantage of the q, t— theory is that the affine exponents, in contrast to 
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their rational limits, are generally of multiplicity one. The multiplic- 
ities of the roots of the Bernstein-Sato polynomials are important in 
their general theory. 

Generally, no simple ways can be expected for obtaining the Coxeter 
exponents from rational-diSeiential operators; say, it was a difficult 
conjecture (proved by Opdam) that the Bernstein-Sato polynomials for 
the discriminant of R are given in terms of {rrii}. A metamathematical 
reason for it is trigonometric nature of their (main) definitions in terms 
of the ly— invariant Laurent polynomials and via the product 11^. 

The radical. The zeros of the rational Dy^D^) give the values of 
k when the discriminant belongs to the radical of the evaluation 
pairing (rational evaluation, at 0). For such k, the radical, Radrat, 
is obviously nonzero; therefore the polynomial representation, Vrat, is 
reducible. Vice versa, Opdam establishes that the irreducibility of 
Vrat occurs cxactly when the (rational) radical Radrat is nonzero, that 
happens at the zeros of Dy{Dx) up to their translations by negative 
integers. 

The equivalence { Radrat = {0} } ^ {irreducibility of Vrat} is very 
simple. Indeed, it is obvious in the <^= direction. If V'rat is a submodule 
of Vrat then it contains a y— eigenvector v' (the eigenvalue can be only 
for the rational DAHA) and therefore v' — v'{0)l belongs to Radrat- 

Main Theorem 12.7. A modified variant of this reasoning can be 
used in the q, t— setting. Generally, V can be reducible when Rad = {0} 
in the non-simply-laced case; it is of course not true any longer that 
all F— eigenvalues in V coincide. The list of exceptional cases, when 
Rad = {0} but V is reducible, is given in Theorem 12.7. Its justification 
involves combinatorial case-by-case analysis. 

Etingof's theorem. Recently Etingof [Et] obtained the first "half 
of this list using the rational case and his general reduction theory. 
Actually he obtained it for the degenerate DAHA, the trigonometric 
limit of the general g, t— DAHA. The relation between our q, t— theorem 
and his one in the degenerate (trigonometric) case is as follows. 

The parameter q, the center charge, is assumed generic in Theorem 
12.7. However this assumption is not quite sufficient to connect the 
q, t— DAHA with its trigonometric degeneration. One has to impose 
furthermore that qH^ = 1 =^ a + kh = Q as, t = q^ for a, 6 G Q in the 
simply- laced case (with two t here for B,C, F,G). Then the reducibility 
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of V and its (trigonometric) degeneration will occur exactly at the same 
k. This corresponds to the list from (12.37) in Theorem 12.7. 

We mention that Etingof obtained (12.37) practically independently 
of this paper. Some exceptional cases when V is reducible in spite of 
Rad = {0} were known to him, however he arrived at their complete 
list without knowing/using the methods and exact results of this paper. 

Paper [Et] contains simple and conceptual interpretation of condi- 
tions from (12.37). We found this list on the basis of technical Lemma 
12.1, which includes by-case analysis. Actually, this lemma is 

directly connected with the zigzag connectivity from Lemma 12.3 that 
seems quite general. However, the relation of (12.37) to the Borel — de 
Siebenthal algorithm found by Etingof is remarkable and clarifying. It 
is good to have alternative approaches to such problem that seem of 
fundamental nature. 

We would like to mention the paper [L] in this context; consider- 
ing the "mixed" products of the normalized intertwiners and the T— 
elements (T^ from Proposition 8.1 there) is similar to our approach. 
However, the main problem in the theory of polynomial representation 
is dealing with non-invertible intertwiners, where the counterparts of 
Lusztig's may depend on the particular choice of the reduced de- 
composition. 

The second "half of the exceptional cases, namely (12.39) , describes 
the reducibility of V with zero radical without imposing the assumption 
g^t^ = 1, a,b e Q ^ a + kb = 0. It is, in a sense, dual to (12.37), 
so it is likely that the whole Theorem 12.7 can be "deduced" from the 
rational case using Etingof 's approach at greater potential. 

Our approach is expected to be applicable to describing the cases 
when V/Rad is not irreducible (it naturally includes those from The- 
orem 12.7), but we did not establish Lemma 12.3 and related stuff in 
proper generality so far. It was proven in [Cll] that V/Rad is always 
irreducible for generic q if this quotient is finite- dimensional. The tech- 
nique of intertwiners (in the q, t— setting) can be used to address this 
problem in general. 

0.3. Non— semisimple polynomials. A natural approach here is to 
use the decomposition of the polynomial representation V for generic 
q,t in terms of the non-symmetric Macdonald polynomials Eh, b ^ P, 
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and tend t (or k) to a singular values tsing = g'^""" . Such decomposition 
of V and the related technique of intertwiners are well known for generic 
q,t; see [C7] ([KS] in the A— case) and [M6, C12]. However there are 
no reasonable formulas for (arbitrary) coefficients of Eb and no straight 
ways to control directly the limits of these polynomials coefficient-wise 
as t becomes singular (unless for Ai and in some rank 2 examples). 

A bypass is in representing V as a sum of a system of finite dimen- 
sional subspaces V;, such that their limits t — s> tging can be calculated 
exactly and the corresponding "Gr" is a direct sum of one- dimensional 
subspaces, i.e, for {Vf,, b E P} constituting a maximal system of vector 
spaces generating V. 

Here the limit is understood in the sense of vector bundles over a 
curve (dimension one is important). ^4// regular (at tsing) linear combi- 
nations of vectors with the coefficients in the field of rational functions 
in terms of {t — tsing) niust be considered. Such limiting procedure pre- 
serves the dimensions and, given b, extends the vector bundle {Vb{t)} 
from generic t to singular tsing- Generally, there can be many choices of 
one-parametric limiting procedures, but this construction is indepen- 
dent of such choices. 

Main Theorem 9.1. It contains a construction of such system of 
spaces. Actually, we simply give a uniform definition of Vf, for all 
t (including tsing) and check that the dependence of t is fiat. The 
description of spaces Vb is very explicit; they are given in terms of 
the subsystem of singular roots for a given tsing- This construction is 
entirely combinatorial in terms of [t is arbitrary, possibly different 

from tsing) - 

The first application is that the Macdonald polynomial Eb for 6 G P 
exists at tsing if {and only if in some sense) dim Vf, = 1, which is a pure 
combinatorial condition concerning b and R^. 

Given b E P, the definition of the space Vb requires a reduced de- 
composition of Tib G the reduction of b modulo W. To be exact, Hb 
is defined as the element of minimal length in the coset bW G W (it 
is unique). The space Vb does not depend on the particular choice of 
the reduced decomposition of vr?, and can be calculated in terms of the 
relative Bruhat ordering defined for R mod R^ . This space consists 
of generalized F— eigenvectors for the eigenvalue — 6jj (see the definition 
in Proposition 6.2); generally, not all of them. Its dimension is always 
finite even if g is a root of unity. 
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We note that the elements {vrf,} and the standard Bruhat ordering 
on W govern the combinatorics of affine Schubert manifolds, although 
does not appear in the theory of the affine Grassmanian and such 
manifolds. 

Non-semisimple Macdonald polynomials . They are top polynomial 
Ef, G Vb- The construction is explicit; Eh is given in terms of the 
generalized chain of intertwiners (discussed below) corresponding to a 
given reduced decomposition of Hb- 

The polynomials Eb are not unique and may depend on the choice 
of this decomposition modulo polynomials from "lower" Vc, although 
the actual flexibility of this deflnition is limited. In many cases they 
are determined uniquely even if dimV;, > 1. These polynomials have 
correct leading terms and form a basis of V; Eb = Eb if dim Vb = 1. 

Generalized chains. The F— intertwiners corresponding to simple 
{i > 0) are (Tj+c(Y'aJ) for nonaffine simple roots G -R+ (treated as 
vectors in P) and c{x) = (t^^ —t^ ^^^)/ {x~^ — 1)- It is more involved for 
the affine ao; namely, following [C7], we need to consider t_|_(To) instead 
of To for the automorphism r_|_ of DAHA (formally) corresponding to 
multiplication by the Gaussian. Here c(Yq,.) may become infinite in a 
chain of intertwiners; we call the corresponding places singular in the 
paper, as well as corresponding simple reflections and roots from A(7r{,). 

We deflne generalized chains of intertwiners by replacing singular 
simple intertwiners (Tj + oo) by Tj. See (9.5), (9.6) for exact deflni- 
tions. Choosing Tj here ensures the proper leading terms of the non- 
semisimple Macdonald polynomials. Another motivation is that the 
relations between the intertwiners and T are of fundamental impor- 
tance (note a connection with virtual links). 

Two natural problems arise: 

(a) determining how the non-semisimple polynomials Eb depend on the 
choice of the reduced decompositions of Hb, which is mainly covered by 
Theorem 5.2; 

(b) flnding "large" families of 6 G P such that dim Vj, = 1 and therefore 
Eb = Eb, which is addressed in Proposition 10.1 and in the following 
theorem. 

Main Theorem 10.4- It contains efficient tools for solving (b) and 
exact calculating the spaces Vb and the spaces V(— 6tt)°°. The latter 
spaces are defined as the spaces of all generalized eigenvectors with the 
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F— eigenvalue —b^ serving Et,; see the definition in Proposition 6.2. We 
analyze what happens with Vc if is replaced be iicW for arbitrary 
w G W, then do it ioi w ^ W from the centralizer of the weight 
— Oj( = pk (the y— eigenvalue of 1 G V) and, finally, for id from W^, the 
Weyl group of R^. 

An application of Proposition 10.1 and Theorem 10.4 is Theorem 
10.3 about the canonical semisimple submodule V^s C V. It generalizes 
the construction from [Ka] in the A— case based, in its turn, on paper 
[FJMM] where the symmetric case was considered. 

We consider the A case in detail because it is important to establish 
the connection with these papers. However we do not give the final 
list of root systems and parameters k when Vss is nonzero. Obtaining 
these conditions and an explicit description of Vss does not look very 
difficult, but involving other methods is more reasonable here. 

To be more precise, we do not touch in the paper the wheel condition 
from [FJMM, Ka], an alternative way (better to say, complementary) 
to introduce Vss as an ideal in the polynomial representation. Counter- 
parts of the wheel condition can be obtained for (many, maybe all) root 
systems within the technique of this paper; actually, only the evalua- 
tion pairing is necessary. However we prefer to postpone with finalizing 
the consideration of Vss until future papers on the Jantzen— type filtra- 
tion. We only mention here that the Kasatani conjecture [Ka], verified 
in [En] via the localization functor, can be almost certainly managed 
using directly the technique of intertwiners. 

Generally, it is expected that the Jantzen— type filtration gives a 
natural way to decompose V with the constituents that are irreducible 
in many cases, including the A— case. We consider only two examples 
in this paper, the "highest" and the "lowest" constituents, namely, the 
quotient V/Rad and the submodule Vss- Mainly we discuss V subject 
to Rad = {0}, but the same technique can be used for V/Rad. 

Further topics. The spaces Vf, are not the smallest "natural" space 
of generalized eigenvectors corresponding to the eigenvalue —b^ that 
contain Eb. Following the chain of intertwiners for Eb, we define the 
spaces Eb ^ Vb C Vb, that form a maximal system of subspaces in V, 
like {Vf,}, with {Eb} as top polynomials. The definition is more direct 
than that for {V;,}: given b, the space Vb is given exactly in terms of the 
reduced decomposition of Hb that is used for Eb- However, in contrast 
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to Vfo, this space may depend on a particular choice of the reduced 
decomposition. 

The spaces V;, and Vb are F— modules. The space Vb is cyclic in 
many cases; the strongest result in this direction we have is Proposition 
10.12 based on the following theorem. 

Main Theorem 10.6. We prove that H considered as a F— module is 
covered by a certain F— module defined explicitly in terms of the gen- 
erators and relations with the structural constants that are essentially 
integers. It is defined via the Demazure operators and is connected 
with Schubert polynomials. Due to such integrality, we can switch 
here from DAHA to any degeneration we wish. The proof of the theo- 
rem is a straightforward calculation; it gives a natural direct approach 
to the F— cyclicity of Vb. 

In a sense, Vb is cyclic "almost always". To be more exact, if the set 
\{TTb) is sufficiently small, then contains only pairwise orthogonal 
roots and we can use Corollary 10.7. If \{'Kb) is sufficiently large, then 
Main Theorem 2.4 can be applied to collect all singular roots in A(7r6) 
in a connected segment using the Coxeter transforms and Proposition 
10.12 can be employed. 

The F— cyclicity of Vb (if known) can certainly simplify using the 
technique of intertwiners for V and other induced modules where it 
holds. Concerning general F— induced modules (free modules induced 
F— eigenvectors) , we need them only a little in this part of the paper. 
Generalizing Vb, we define the spaces Vf^; note that using w = iXb only is 
a special feature of V. The modules Vw are cyclic for sufficiently large 
\{w) (not one-dimensional as for V); see Proposition 10.12. 

Irreducihility ofV. The end of the paper is devoted to Main Theorem 
11.8 on irreducibility of V subject to the condition Rad = {0}, which 
demonstrates almost all aspects of the technique of intertwiners. 

The condition Rad = {0} readily gives that all three spaces Vb C 
Vb C V(— 6jj)°° contain a unique Macdonald polynomial Eb°, where 
6° G P is defined combinatorially in terms of b. It suffices to consider 
the chains of intertwiners that end at Eb (i.e., for b = b°). Only non- 
invertible intertwiners may lead to reducibility. Moreover, Rad = {0} 
implies that intertwiners of type (T — t^^^) cannot appear when the 
chain goes from Eb to Ec avoiding singular intertwiners. Assuming 
that V' C V is a proper DAHA submodule, we proceed as follows. 
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Given a chain of intertwiners, let Eb be the first Macdonald poly- 
nomial in v. Then the previous one is Ea ^ V and the intertwiner 
between them can be only of type (T + 

We go from Ei, until the first singular intertwiner if it exists (not 
always). Let E^ be the last in this chain before this place for a reduced 
decomposition extending that for tTq: A(7ra) C A(7rc). Then we apply 
the corresponding T to Ec and then go back following the sequence 
A(7rc) \ A(7ra) taken in the opposite order, from the last root to the first. 

The resulting polynomial (the "end" of this chain) will belong to 
V n V(— ajj)°°. The analysis shows that Rad = {0} implies that it must 
be proportional to Ea with a nonzero coefficient of proportionality. 
Therefore Ea belongs to V', a contradiction. 

This method, reflection at the first singular place, is actually of gen- 
eral nature and can be applied in various situations. For the first time 
in the DAHA context it was used in [CO] for Ai, where it gives a com- 
plete decomposition of V including the cases of roots of unity. Let us 
discuss some combinatorial aspects of this method. 

Zigzags. In this proof. Lemma 11.1 is needed for managing the 
situation when there are several intertwiners of type (T + t~^/^) in 
A(vrc) \ A(7rf,). For coinciding t (as fcght = J^ing^ing), this lemma is es- 
sentially on the combinatorics of the sets Rht of roots a G -R+ with 

fixed ht = (a,p^). We introduce the zigzags alternating between Rht 
and Rht+i with the links (as ting = ^sm) corresponding to adding or 
subtracting simple roots, quite a classical matter. The claim is that 
any maximal zigzag contains at least one endpoint from Rht- 

This claim is actually a combinatorial variant of the formula for IlR.If 
the A;— parameters are arbitrary, then smaller subsets must be consid- 
ered instead of Rht and links become somewhat more involved; however 
the claim about the endpoints holds. This approach is expected to give 
a description of the cases when V/Rad is not irreducible. 

Generally, the technique of intertwiners alone does not seem sufficient 
for decomposing V and becomes too combinatorial even for managing 
the irreducibility of V subject to Rad = {0}. We decided to omit the 
details of the zigzag construction in this paper. 

0.4. Expected applications. Decomposing the polynomial represen- 
tation V is of key importance in the theory of DAHA and is expected 
to have many applications. In the rational case, the theory of V was 
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started by Opdam; see [DO, DJO]. From the viewpoint of applications, 
the general q, t— case seems the most fruitful, although the degenerate 
cases have important applications too. 

As a DAHA— module, V is a universal spherical representation^ this 
alone is sufficient to study it thoroughly. Moreover, its identifica- 
tion with the algebra of X— polynomials makes V and all its con- 
stituents commutative algebras. The quotients possess the unit, other 
constituents do not. There is also a natural projective action of PSL2{'L) 
on finite dimensional constituents of V (maybe reducible) subject to 
certain technical restrictions, simple to control. 

The latter action exists because of the following conceptual rea- 
son. The automorphism r_, one of two generators t± of the projective 
P5'L2(Z), is an outer automorphism of DAHA formally corresponding 
to multiplication (conjugation) by the y— Gaussian. It always acts in 
V and its constituents; see Proposition 6.3. However, the generator r+, 
represented by the X— Gaussian (an infinite Laurent series) may act 
only in finite dimensional constituents of V (the condition dim< oo is 
not always sufficient). 

The expectations are that V and its quotients serve quite a few ex- 
amples of monoidal categories (with tensoring), especially if the action 
of PSL2{1j) is present there, and go well beyond such examples. 

The celebrated Verlinde algebras are the key example. They are 
interpreted in the DAHA theory as symmetric subalgebras of perfect 
quotients of V as g is a root of unity in the so-called group case t = q 
(that is the simplest possible setting in the DAHA theory apart from 
t = l). 

The multiplication in V leads to the fusion of integrable Kac— Moody 
modules. The DAHA— action of PSL2{'L) is nothing but the action of 
Verlinde operators S", T; T is multiplication be the X— Gaussian, S 
becomes the DAHA— Fourier transform. 

Using the terminology from [CI 2], symmetrizations of perfect repre- 
sentations are natural generalizations of the Verlinde algebras. How- 
ever, the perfect representations are well beyond the usual Verlinde 
algebras. Let us comment on it. 

First, one can take any t instead of t = q provided that the corre- 
sponding perfect representation exists; this means that the characters 
in the Verlinde theory will be replaced by the symmetric Macdonald 
polynomials (treated as functions on at certain finite sets of points). 



NON-SEMISIMPLE MACDONALD POLYNOMIALS 



19 



Second, the non- symmetric Macdonald polynomials can be consid- 
ered here instead of their symmetrization. Furthermore, the non- 
semisimple Macdonald polynomials can be taken, corresponding to 
non-semisimple counterparts of perfect representations. 

Third, it is not necessary to assume that g is a root of unity (one 
of the main discoveries of the DAHA approach); an important part of 
the theory of perfect representations is for generic q (then k must be 
singular). They are finite dimensional and has all key structures of 
Verlinde algebras. 

Possible relations. The following is a sketch of (some) known and 
expected applications of V and its constituents. 

(a) Presumably all Verlinde-type algebras , describing "fusion" of in- 
tegrable modules for the Kac-Moody algebras, Virasoro algebras, W— 
algebras and similar objects, are quotients or constituents of V (see 
confirmations in [FHST],[MTi]). Moreover, infinite dimensional con- 
stituents of V are expected to be connected with the theory at arbi- 
trary Kac— Moody central charge c. The most interesting case |g| = 1 
when q is not a root of unity (then c G M) may lead to the Kac-Moody 
L"^— theory, generalizing the classical harmonic analysis on symmetric 
spaces. Straight attempts to create such theory were unsuccessful. 

(b) Similar expectations are for the tensor category of all representa- 
tions of Lusztig's quantum group at roots of unity. The corresponding 
Verlinde algebra describes the reduced subcategory of this category; the 
equivalence with the definition of Verlinde algebras in the Kac-Moody 
theory is due to Kazhdan, Lusztig [KL2] and Finkelberg. The first 
known examples of the non-semisimpleVeilinde algebras look very sim- 
ilar to what can be expected in the so-called "case of parallelogram". 
Note that the monoidal structure (fusion, tensoring) and the action 
of PSL2{1j) are generally difficult problems for the complete Lusztig's 
category. 

(c) If an arbitrary perfect representation is taken, then no categorical 
interpretation is known and expected (there are no reasons for inte- 
grality and positivity of the structural constants). However, all such 
representations give important examples of Fourier transform theories 
satisfying all standard classical properties. This line directly gener- 
alizes Fourier transforms associated with the irreducible modules in 
the theory of Weyl algebras (non- commutative tori) at roots of unity. 
Among other applications, perfect representations are related to the 
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generalized Macdonald eta-type identities, Gaussian sums [C8] and the 
so-called diagonal coinvariants [Ha, Go, CIO]. 

(d) Semisimple submodules of V generalize the construction from 
[FJMM] of ideals in the ring of symmetric polynomials of type An lin- 
early generated by symmetric Macdonald polynomials. These ideals are 
expected to be meaningful in the theory of gl^ and the corresponding 
W-algebras, presumably, via the duality from [VVl] and [STU]. They 
also give some kind of restriction maps gl^j C gt^y, although DAHA 
generally do not have straight embeddings of this type (unless the ap- 
proach from [BE] or similar methods involving completions of DAHA 
are used). 

(e) The theory of V is connected with the Plancherel formula on 
the affine Hecke algebra due to Macdonald (the spherical case), Mat- 
sumoto, Lusztig and many others, describing the decomposition of the 
regular representation of the affine Hecke algebra. The regular repre- 
sentation of AHA is interpreted as an induced module (depending on 
a generic weight) in the DAHA theory. Its spherical part is associ- 
ated with the weight —p^ and can be identified with V. The relation 
to [KLl, HO] is via a new theory of Jantzen— type filtration of DAHA 
considered in the limit g — 0; it may include applications to square 
integrable and tempered irreducible AHA— representations. 

(f) In the rational case, singular k (when the radical becomes nonzero) 
correspond to singular multi-dimensional Bessel functions. The most 
degenerate case is when Vrat has a finite dimensional quotient. Such 
quotients found important combinatorial applications, for example, in 
[Go] . They may be related to the minimal conformal theories based on 
Virasoro-type algebras and their "perturbations" (adding additional 
parameters). The case is connected with the rational theory in 
many ways; for instance, certain Verlinde algebras can be g— deformed 
and then identified with their rational limits [C8]. It may refiect various 
relations between the Kac-Moody and Virasoro theories. 

(g) The exponential map from [CIO] can be used, in principle, to 
establish a correspondence between the decomposition theory of the 
polynomial representation for the rational DAHA [DJO, DO] and that 
in the g, t-case, although this approach (generally) requires analytic set- 
ting. Recent [Et] is a step in this direction. Algebraically, the exponen- 
tial map identifies finite dimensional DAHA modules and their rational 
degeneration. This map is connected with the localization functor, the 
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monodromy of a KZ— type connection, from [GGOR, VV2]. Using the 
exponential map and the KZ— monodromy for the polynomial and other 
infinite dimensional representations triggers interesting problems and 
certainly must be studied thoroughly. 

(h) The evaluation pairing of V plays the key role in the DAHA 
theory. For the Macdonald polynomials, it is given in terms of their 
values at certain "shifted lattices" of points (weights). These lattices of 
points are exactly those used in the theory of interpolation polynomials 
studied by Knop — Sahi, Okounkov — Olshantsky and others. The 
definition requires the "semisimplicity" of these sets (directly related 
to the semisimplicity of V). The consideration of the non-semisimple 
quotients of the polynomial representation in this paper may lead to 
the theory of "non-semisimple" interpolation polynomials. There are 
classical constructions that confirm that such theory must exist. 

(i) In the semisimple case, the polynomial representation is com- 
pletely governed by the intertwining operators; the latter give a rep- 
resentation of the affine Weyl group V. The non-semisimple setting 
requires considering intertwiners together with the T— generators. The 
corresponding formalism is connected with the theory of virtual links in 
topology (when extended from A to arbitrary root systems). We note 
that only the DAHA— modules that do not involve non-invertible inter- 
twiners (singular ones may appear) are directly connected with Kauff- 
man's axioms. In a somewhat different (but related) direction, the 
weight decompositions of semisimple DAHA modules may give some- 
thing for the theory of "categorization" . 

(j) The localization functor, the monodromy map of a KZ— type con- 
nection, from [GGOR] (the rational case) and [VV2] (the differential- 
trigonometric case) is an important motivation for the direction of this 
paper. For instance, the affine exponents are directly connected with 
the non-semisimplicity of non-affine Hecke algebras at roots of unity. 
Practically all problems discussed in the paper can be translated to the 
corresponding problems for Hecke algebras at roots of unity and/or for 
the Schur algebras. Generally, the geometric theory of Hecke alge- 
bras is better developed than that for DAHA. However, in the DAHA 
theory there is a greater potential of using relatively elementary (non- 
geometric tools) like those developed in this paper. 

(k) Paper [BE] on the parabolic induction in the DAHA theory opens 
a systematic way for analyzing induced representations (including V). 
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It does not cover the g,t— setting, but, presumably, can be generalized. 
The representations parabolically induced from finite dimensional ones 
are in the focus of [BE]. Paper [VV3] gives a classification of finite 
dimensional modules in the spherical case for generic g; it includes 
perfect representations and gives some non-semisimple ones. Before 
this paper, a complete classification of finite dimensional modules was 
obtained only for A in [BEG] (all appeared perfect). Understanding 
parallelism with the p— adic theory is a natural challenge. 
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1. Affine Weyl groups 

Let R = {a} C M" be a root system of type A, B, ...,F,G with re- 
spect to a euclidean form [z, z') on M" 3 z, z', W the Weyl group gen- 
erated by the refiections Sa, R+ the set of positive roots = —R+) 
corresponding to fixed simple roots F the Dynkin diagram 

with {aj, 1 < i < n} as the vertices. 

We will also use the dual roots (coroots) and the dual root system: 

= |c^v ^ 2a/{a,a)}. 
The root lattice and the weight lattice are: 

Q = ®tl^a^ CP = ®i=iZuj^, 

where {ui} are fundamental weights: {ui, aj) = 6ij for the simple 
coroots a^. 

Replacing Z by 'Z± = {m G Z, ±m > 0} we obtain Q±, P±. Note that 
QdPj^ G Q+. Moreover, each ujj has all nonzero coefficients (sometimes 
rational) when expressed in terms of {ai\. Here and further see [B]. 

The form will be normalized by the condition (a, a) = 2 for the short 
roots. This normalization coincides with that from the tables in [B] for 
the systems A, C, D, E, G. Thus, 

z/q = (a, a)/2 can be either 1, or {1, 2}, or {1, 3}. 



NON-SEMISIMPLE MACDONALD POLYNOMIALS 



23 



We will use the notation z/ing for the long roots (z/ght = !)• 

This normalization leads to the inclusions Q C Q"^ iP C P^, where 
is defined to be generated by the fundamental coweights uj^ . 

Let 'd G P^ be the maximal positive coroot. All simple coroots ap- 
pear in its decomposition in P^. It also belongs to P, i.e. is a root, 
because of the choice of normalization; so all simple roots appear in its 
decomposition in P. 

Also note that 2 > a^) > for a > 0, a^) = 2 only for a = §, 
and s^{a) < if a) > 0. 

See [B] to check that 'd considered as a root is maximal among all 
short positive roots of P. It is also the least nonzero element in = 
n P+ = Q n P+ with respect to Q+. 

Setting z/j = i/q,., Ufi = {i/Q,,a G P}, one has 



Note that {p^, a^) = 1 as z/j = i/. We will call partial p. 

1.1. AfRne roots. The vectors a = [a,Ua3] G M" x M C M"+^ for 
a G P, j G Z form the afRne root system Rd R {z ^'R"' are identified 
with [z, 0]). We add ao = [~^) 1] to the simple roots for the maximal 
short root The corresponding set P+ of positive roots coincides 
with P+ U {[a, I'aj], a & R, j > 0}. 

We will sometimes write P = A^, . . . , G2 when dealing with con- 
crete affine root systems defined as above. 

Any positive affine root [a, u^j] is a linear combinations with non- 
negative integral coefficients of {oj, < i < n}. Indeed, it is well 
known that [a^, j] is such combination in terms of {a,^, 1 < i < n} and 
[—"d, 1] for the system of affine coroots, that is P^ = {[a^, j], a & R, j & 
Z}. Hence, [— a, z/q-j] = i^of— has the required representation. 

Note that the sum of the long roots is always long, the sum of two 
short roots can be a long root only if they are orthogonal to each other. 
This property gives another justification of the claim that P is a root 
system. 

We complete the Dynkin diagram F of P by ao (by to be more 
exact); it is called afRne Dynkin diagram F. One can obtain it from 
the completed Dynkin diagram from [B] for the dual system P^ by 



(1.1) 




where a G P+, z/ G z//j. 
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reversing all arrows. The number of laces between and aj in T will 
be denoted by niij. 

The set of the indices of the images of ao by all the automorphisms 
of r will be denoted by O (O = {0} for ^8,^4,^2)- Let O' = {r e 
0,r 0}. The elements Ur for r ^ O' are the so-called minuscule 
weights: {ur, a^) < 1 for a G R+. 

Given a = [a, Uaj] & R, b E P, let 

(1.2) Sa{z) = z-{z,a^)a, h'{z) = [zX - {z,b)] 

The afRne Weyl group W is generated by all (we write W = 
{sa, a G R+))- One can take the simple reflections Si = Sq,. (0 < i < n) 
as its generators and introduce the corresponding notion of the length. 
This group is the semidirect product WiKQ' of its subgroups W = 
{sa, Oi G R+) and Q' = {a', a G Q}, where 

(1.3) a' = SaS[a,Uc.]= S[-a,Uc.]Sa for « G -R. 

The extended Weyl group W generated by W and P' (instead of 
Q') is isomorphic to WiKP': 

(1.4) {wb'){[zX]) = [w{z)X-{z,b)] for weW,beP. 

From now on, b and b', P and P' will be identified. 

Given b E P+, let Wq be the longest element in the subgroup Wq C W 
of the elements preserving b. This subgroup is generated by simple 
reflections. We set 

(1.5) Uh = WqWq eW, TTfe = b{Uby^ G W, Ui = U^^,TXi = TT^^, 

where wq is the longest element in W, 1 < i < n. 

The elements vr^ = tt^^ , r G O' and ttq = id leave F invariant and 
form a group denoted by IT, which is isomorphic to P/Q by the natural 
projection {iVr ^ Hr}- As to {ur}, they preserve the set {— "(9, ai,i > 0}. 
The relations vrr(ao) = = (^r)~^(— ^) distinguish the indices r G O'. 
Moreover (see e.g., [C4]): 

(1.6) W = II[kW, where TTrSiir'^ = sj if Tiriai) = aj, < j < n. 
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1.2. The length on W. Setting w = HrW eW, Hr & U, w e W , the 
length l{w) is by definition the length of the reduced decomposition 
w = Sjj...Sj2Sjj in terms of the simple reflections Si,0 < i < n. The 
number of Sj in this decomposition such that z/j = z/ is denoted by 

The length can be also defined as the cardinality |A(^;)| of the A— set 
of w : 

(1.7) X{w) =R+n w-\R_) = {ae R+, w{a) G R.}, w eW. 
Respectively, 

(1.8) X{iv) = U,yXi^{'w), Xuiw) = {5 G A(u}), z/(5) = z/}. 

Note that X{w) is closed with respect to positive linear combinations. 
More exactly, if 5 = m/3 + f 7 G -R for rational u,v > 0, then 5 G A('u;) 
if G X{w) 3 7. Vice versa, if X{{u) 3 5 = + f 7 for /9, 7 G -R+ and 
rational u,v > 0, then either /9 or 7 must belong to X{{u). Also, 

5 = [a, Uai] G X{w) ^ { [a, z/q,z] G A(il;) 

(1.9) for all < i < j where ? > as a < }. 

This property is obvious because w{\a, Uai]) = w{a) + [0, u^^i — j)]- 

The coincidence with the previous definition is based on the equiva- 
lence of the length equality 

(1.10) (a) l,y{wu) = ly{w) + ly{u) {oi w ,u & W 
and the cocycle relation 

(1.11) (b) X,{wu) = X,{u)Uu-\X,{w)), 
which, in its turn, is equivalent to the positivity condition 

(1.12) (c) ir\X,{w)) C R+ 
and is also equivalent to the embedding condition 

(1.13) (d) X,{u) C X,{w). 

Formula (1.11) obviously includes the positivity condition (1.12). It 
also readily gives (d) and implies that 

A^(n) nn~^(A^(^;)) = u^\u{X^{u)) f] X^iw)) = 
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thanks to the general formula 

= -w{Xu{w)). 

Thus it results in the equality ly{wu) = ly{w) + l^iu) and we have the 
imphcations (a) ^ {b) =^ (c). 

The remaining implications (a) ^ (6) <^= (c) are based on the fol- 
lowing simple general fact: 

(1.14) 

\y{wu) \ {\y{wu) n Aj/(m)} = %r^{\i;{w)) n Rj^ for any u,w. 

For instance, the length equality (a) readily implies {h) and (c?) re- 
sults in (c). For the sake of completeness, let us deduce (6) from the 
positivity condition (c). We follow [C4]. 

It suffices to check that \i,{wu) D \i,{u). If there exists a (positive) 
5 G A,y(M) such that {wu){a) G -R+, then 

w{—u{q)) G -R_ ^ —u{a) G Ay(u}) ^ —5 G n^"'^(A,^(u})). 
We come to a contradiction with the positivity. Hence (a) -v^ (6) -v^ (c). 

Note that the embedding condition [d) readily gives the following 
well-known fact. Let R' be a root subsystem R' G R with the simple 
roots that are simple in R constituting a connected subset of the affine 
Dynkin diagram F, w'q the greatest element in the corresponding Weyl 
group W. Then 

(1.15) l{w) = 1{w'qw) + 1{w'q) ^ l{siw) = l{w) - 1 for all G R' , 

i.e., w is divisible on the left by Wq in the sense of reduced decompo- 
sitions if and only if it is divisible by all Sj for G R'. Indeed, it is 
equivalent to the "inverse" statement 

l{w) = 1{ww'q) + 1{w'q) -v^ l{ws.i) = l{w) — 1 for all G R', 

that directly follows from (d) and the inclusion A(wq) C X{w). See also 
Theorem 2.1 below. 

Applying (1.11) to the reduced decomposition w = Tr^Sj; ■ ■ ■ SjjSjj, 

(1.16) 5^ = Si,(ai2), 5^ = Oil }. 

It demonstrates directly that the cardinality / of the set \{w) equals 
l{w). Cf. [Hu],4.5. 
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This set can be introduced for non-reduced decompositions as well. 
Let us denote it by X{w) to differ from \{w). It always contains X{w) 
and, moreover, can be represented in the form 

(1.17) X{w) = X{w) U A+(e) U -X+{w), 

where X^{w) = {R+ n X{w))\X{w). 

The coincidence with X{w) is for reduced decompositions only. 

Note that X{w) depends on the choice of the decomposition and it is 
actually a sequence; the roots in (1.16) are ordered naturally. We will 
mainly treat X{w) and X{w) as sequences in this paper, for instance, 
when discussing the Bruhat ordering. 

Let us consider the A— sets of the reflections in W and check an- 
other standard property of the A— sets (see, [B] and [Hu],4.6, Exchange 
Condition) : 

Proposition 1.1. For w G W , 

(1.18) X,{w) = {5 > 0, Uwss) < Uw)}. 

Proof. It suffices to consider X{w). Also, we can the inequality here 
l{wsa) < l{w), since /(sg) is odd (see below). Thanks to (1.16), the 
set {5 > I l{wSa) < l{w)} contains X{w). Obviously (1.18) holds for 

Sa = Sa, (0 < 2 < u) . 

An arbitrary element for 5 > has a reduced decomposition in 
the form: 

Indeed, G X{sa) if and only if (5, cti) > because {ai} is a minimal 
positive affine root. Given such Oj, the reflection is divisible by Sj 
on the right (i.e., has a reduced decomposition in the form ■ ■ - Sj) and 

K^p) — K^a) for l3 = Si{a). If /(s^) = /(sg), then = SiSaSi = is 

divisible by Sj on the left or on the right, which contradicts to (/3, Oj) = 
— (5, ttj) < 0. Therefore /(s^) < /(sg) and we can proceed by induction. 

We have also obtained that the required decomposition can be started 
with an arbitrary simple aj G X{sa) taken as a^^. Moreover, the se- 
quence X{sa) can be expressed as follows in terms of an (arbitrary) 
element w & W of minimal possible length such that w{a) = for 
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some i > 0: 

(1.19) A(S5) = {Sa{-\{w))}op U 5 U \{w), 

Given a sequence { ■ }, by { ■ }op , we mean the inversion of its ordering. 

If an arbitrary w sending 5 to a simple root is taken here, then (1.19) 
holds for X{sa) considered as a set with possible cancelation of pairs of 
opposite roots as in (1.17). 

Now, we can prove (1.18) by induction with respect to the length 
/(sg) of the roots 5 such that l{wSa) < l{w). As we already noticed, 

it holds for simple reflections. Generally, let G X{sa), (3 = Sj(5), 

If ttj ^ X{w), then 

l{wsi^) = l{{wSi){siSsSi)) < l{id) + 1 = l{wsi), 

and the induction statement gives that 

P G \{wsi) =^ Sj(5) G Si{X{w)) ^ 5 G A('u;). 

Thus, we can assume that G A('W7), equivalently, 'u;(aj) < 0, equiva- 
lently, l{wsi) = l{{u) — 2. Since G A(s5) and (5,aj) > 0, we obtain: 

{wsa){(yi) = u}(aj — 2 ^ J a) < provided u}(5) > 0. 

(a, a) 

If here w{a) < 0, then a G A(ft;), which gives the desired. Thus, it 
suffices to consider the case {wSa){ai) < 0, where G X{{uSa)- 
In this case: 

l{{wSi)sj^) = l{wSaSi) < l{wSa) — 1 < l^w) — 2 = l{wSi). 

By induction, P G X{wSi); therefore /? G Sj(A(u;)) and, finally, 5 G 
X{w). □ 
The following is an immediate corollary of (1.19): 

(1.20) 5 G A(w) ^ A(s5) = {^, -S5(/3) I SaiP) G ^_ , /3 G A(w)}. 



In more detail, we have the following lemma. 

Lemma 1.2. (i) Let a = [a^Vaj] ^ R+- Then (5,/5) > for each 
(3 G X{sa)- Given /3,7 G X{sa), the sum /5 + 7 belongs to i?+ (^=^ 
/3 + 7 G A(s5) j z/ anc? only if z/q, > Z//3 = z/^ anc? /5 + 7 = [a, z/qJ ' ] . /n 
particular, (/3,7) > unless the latter condition holds. 
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(a) Given a reduced decomposition of Sa, its rank two Coxeter trans- 
formations of (consecutive) simple reflections are either SiSjSi ^ SjSiSj 
with the midpoints corresponding to [oi^Vaj'] ^ ^{sa) or SiSj i— > SjSi 
otherwise. ^ ^ 

(Hi) Let (3 he the first root in \{sa) (then it must he simple). If (3 
can he made a neighhor of a in A(5) using the Coxeter transforms, then 
there exists a reduced decomposition of such that (3 is the first root 
in \{sa) and all roots 7 hetween (3 and a are orthogonal to (3 unless 
they satisfy 5^(7) = /3 + 7 = [a, z/^j ' ], for some j' <j. 

Proof. The positivity (5, /9) > is necessary (generally, not suffi- 
cient) for P to belong to \{sa)- If (/5,7) < 0, then 5^(7) = 7 + /? G X{w) 
assuming that > u^. One has: 

fn,~^ n , ~ («, ^) ~ 7) ~ 

sslP + 7) = P + 7 « «• 

However, the coefficient of 5 must be — (5,7)/i^q, unless the nonaffine 
components of /3 + 7 and 5 coincide and t'o- > 1^/3 = z^^; we use that 
5^(7) has the same length as 7. 

Claim (ii) follows from (i) because any sequence of roots correspond- 
ing to a rank two Coxeter transformation contains a pair of roots with 
the negative scalar product. In (iii), we move (3 to the position next 
to 5; all Coxeter transformations we use must satisfy (ii). Then we 
can move (3 (back) to it is ffist position (it is a simple root) using the 
Coxeter transforms in the segment of X{sa) before a. □ 

The sequence X{w) = {5^, . . . , 5^}, where / = l{w), and the element 
7ir determine w E W uniquely: 

ttj, = 5\ = s^(5^), . . . , Q!ip = s^s^ ■ ■ ■ s^~^(a^), . . . 

= s^s"^ ■ ■ ■ s'~^(5') , where 

(1.21) = SaP, W = TlrSii ' ' ' Si^ = TTrS^ ■ ■ ■ s'. 

Notice the order of the reflections in the decomposition of w is 
inverse. 

A stronger fact holds. The Xiw) considered as an unordered set 
determines w uniquely up to iTr eU (on the left). This statement can 
be readily checked by induction with respect to / = l{w). Indeed, there 
exists at least one simple G X{w) and any such can be made 
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Q!j^; this means that l{w') = 1 — 1 for w' = wsi. Therefore the set 
Sj(A(w) equals X{w') and determines w' uniquely by the induction 
statement for / — 1. 

1.3. Reduction modulo W. It generalizes the construction of the 
elements iib for 6 G P+. As a matter of fact, the reduction modulo W is 
a formal particular case of a more general construction of the elements 
w° from Section 4 below when i?" = R. This can be used to obtain 
almost all claims of the following proposition, that is from [C6]. 

Proposition 1.3. Given h E P, there exists a unique decomposition 
h = HhUbi Ub eW satisfying one of the following equivalent conditions: 

(i) 1{'K})) + l{uiy) = l{b) and l{uh) is the greatest possible, 

(ii) A(7rb) n i? = 0. 

The latter condition implies that lijih) + l{w) = lij^bw) for any 

w & W. Besides, the relation Ub{b) = b^ & = — P+ holds, which, 
in its turn, determines Ub uniquely if one of the following equivalent 
conditions is imposed: 

(Hi) l{ub) is the smallest possible, 

(iv) if a E \{uh) then {a,b) ^ 0. 

□ 

Note that the relation /(TTf,) + l[vS) = l^iTbw) for any w & W is 
a special property of = R {R^ is from Section 4.1). Generally, 
l{w°u) ^ l{w°) + l{u) for u e 1?°, where X{w°) nR^ = 

Condition (ii) readily gives a complete description of the set ttp = 
{TTft, 6 G P}, namely, only [a < 0, Uaj > 0] can appear in X{nb) due 
to (1.9); see also (1.25) below. 

We note the following application of Theorem 2.1 below. A sequence 

X C R+[-] = {[a, u^j],ae R.,j > 0} 

is in the form A(7r;,) when and only when the following three conditions 
hold: 

(i) assuming that 5, /3, 7 = 5? + /9 G P+[— ], if 5,/3 G A then 7 G A 
and 7 appears between 5, /?; if 5 ^ A then /3 belongs to A and appears 
in A before 7; 

(ii) if 5 = [a, i^aj] £ A then [a,z/Qj'] G A as j > j' > and it 
appears in A before 5; 
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(iii) if /3 G A and 7 = /5 — [a, Uaj] G ] for a G R+, j > then 
7 G A and it appears before /5. 

If A is treated as an unordered set, then the existence of a repre- 
sentation A = A(7r;,) for some b is equivalent to (i+ii+iii) without the 
claims concerning the ordering due to (1.25) 

Since tti, = hu^^ = u^^h^, the set np can be described explicitly in 
terms of P_ : 

Tip = {u^'^b^ for b- e , u e W 

(1.22) such that a G A(m"^) ^ (a, 6_) ^ }. 

Indeed, A(m~"'^6_) = (— 6_)(A(m~^)) U A(6_) and (1.22) is necessary and 
sufficient for \{u^^b ) fl i? = 0. Note that using A(m^^) = —Ub{\{uh)), 

(1.23) a G A(n^^) {%\a), b) = (a, Ub{b)) = (a, 6_) ^ 0. 

Actually, it suffices to check (1.22) for simple roots G A(u~^) only. 

Using the longest element w'q in the centralizer Wq of 6_, the corre- 
sponding u that can be taken constitute the set 

{u I /(m-H) = KO + Ku~^)}- 

Their number is |W^|/|Wo|. 

Note that Proposition 1.3,(ii) gives that any partial product u = 
Sip - ■ ■ for a reduced decomposition ti^ = UrSii ■ ■ ■ Sj^ belongs to irp. 
Equivalently, if u satisfies /(tt?,) = l(u) + l^iTbU"^), then u = tTc for 
c = m((0)) in the notation from (1.29). 

For a = [a, Uaj] ^ R+, one has: 

(1.24) A(6) = {5, (6, a"") > J > if a G 

(^a"") > J > if a G 

(1.25) A(7rfe) = {5, a G (6_, a"") > J > if M^^(a) G 

(&-, «"") > J > if u^\a) G 

(1.26) A(7r-^) = {5 G -(6, a^) > j > 0}, 

(1.27) \{ub) = {aeR+, {b,a'')>0}. 

For instance, l{b) = l{b^) = -2(p^,6„) for 2p^ = Ea>o"''- Note 

that nonempty \{7^b^) always contain nonaffine roots; thus vr^^ can 
be represented in the form if and only if tti, = tt^ for some r G O: 

vTp n vTp^ = n. 
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Let US demonstrate how this formahsm works for calculating the 
set A(s^) for [3 = [—PJuf^], where /3 G R+J > 0. This set can be 
determined directly from the definition of A(s^), but it is useful to 
establish a connection with {—1/3)' = sps^. One has: 

Ksp) = spi^R^) n s^{X{sp)) = {[-a, {/3, a)l], a e A(s/3)}, 

indeed, s^{a) = 5 + (a, = Sjs^a) + [0, (a, 

= -a' + [0, {a', f])l] for a' = -spia) e -Sf3{X{s/3)) = A(s/3). 

Here {f3, a) must be greater than zero. Therefore the above decomposi- 
tion of —1/3 G Q is reduced thanks to the positivity condition (c) above, 
and we can apply (1.24). 

Note that the inequality (/?, a) > is necessary for a > to belong 
to A(s/3) but not sufficient; for /3 = it is sufficient. 

Using (1.24), 

X{—IP) = {a = [—a, Uaj] I (a^, P)l > j > as a G R^, 

{a^,l3)l > J > as a G R+}. 

Finally, 

A(s^) ={[-a,z/,j] G^+ I (a\/3)/>j>0} U 

(1.28) {[-a, (/5,a)/] | a > < ^/^(a), (/?, a) > 0}. 

For example, A(s^) fl R+ = {a' > | (a',/9) < 0}; this set is never 
empty unless (/3, i?+) > 0; the latter occurs, for instance, for (3 = 'd. 
Let us show explicitly how the transformation —s^ acts in A(s^): 

(a) the subset {[—a, {[3,a)l] \ a > < s^(a), (/?, a) > 0} maps 
exactly to \{s~) n R+ = {[a', 0] | a' > 0, {a', /3) < 0}, 

(b) the subset {[—a, i^aj] ^ R+ \ {oi^ , [3)1 > j > 0, a > < spi^a)} 
maps onto {[-«', z^a'j] G R+ \ {{a'Y ,[3)l > j > 0, a' < > s^(«')}) 

(c) the subset {[— 0,1^0-^] G i?+ | {a^ , 13)1 > j > 0, a > > s^(a)} 
remains invariant under the action of —s-^. 

We will need later the following afRne action of 14^ on 2 G M": 

{wh)iz)) = w{b + z), w EW,bEP, 

(1.29) Saiiz)) = z - {{z,a'^) + j)a, a = [a,Uaj] e R. 
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For instance, (6'u;)((0)) = b for any w & W. The relation to the above 
action is given in terms of the afRne pairing {[z,l],z' + d) = {z,z')+l: 

(1.30) {w{[zj]),w{{z')) + d) = {[zj],z' + d) for w eW, 

where we treat ( , +d) formally (one can add d to M""^^ and extend ( , ) 
correspondingly) . 

Introducing the basic afRne Weyl chamber 

n 
1=0 

we come to another interpretation of the A— sets: 

(1.31) X,iw) = {5 G R^, ^ ^((£5)), i^a = 
Equivalently, taking a vector ^ G C^, 

(1.32) X{w) = {aeR I {a^,^ + d)>0> {a^ , ^' + d)} 

for ^' G w^^il^t"')). Thus, we come to the following geometric descrip- 
tion of the A— sets (cf. Theorem 2.1, (a, 6) below). 

Proposition 1.4. The X—sets are exactly those in the form (1.32) for 
an arbitrary ^ E and an arbitrary vector ^' inside a certain (affine) 
Weyl chamber, i.e., provided that (^',a^) ^ z/^Z for all a E R. Given 
a generic segment in M" from ^ to C,' , its consecutive intersections with 
the affine root hyperplanes arrange such set into a X— sequence. □ 

Geometrically, 11 is the group of all elements of W preserving 
with respect to the affine action. Similarly, the elements tt^^ for 6 G P 

are exactly those sending to the basic nonaffine Weyl chamber £ = 
{z G ]R",(z,ai) > as z > 0}. More generally, given two finite sets of 
positive affine roots {P = i/^ji]} and {7 = [7, z/^j]}, the closure of 
the union of w"^([(t°')) over w E W such that P ^ X{w) 3 7 equals 
{z G M", {z, p)+i>0, {z, 7) + j < for all /5, 7}. 

Comment. Recall that for an arbitrary z G M", there exists a unique 
2* = w([z)) G C", where w G W, ^ is the closure of in M"-, and the 
centralizer of z^, in W is generated by simple reflections. For instance, 
a=i. = for a G Q, b^ G {cu^, r G 0} for b E P. 
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The (classical) construction is as follows. We draw a line from a 
small deformation of z to an arbitrary vector in . It goes through 
a chain of affine chambers and readily gives a reduced decomposition 
for w sending z'" to the required z^, = w{{z)) G C^. 

If m((2*)) = 2=,, G £ , then u{{zl)) remains in a small neighborhood 
of z^ for a small deformation zl G C of z^. Considering the line 
from zl to u([zl)), we obtained a decomposition of u, where all simple 
reflections are in the hyperplanes sufficiently close to z^,. Thus all these 
hyperplanes are actually through z^, and, therefore, contain the face 
through z^: {z \ (5^, z^ + d) = ^ (5^, z + d) = for a e R}. □ 

Lemma 1.5. For an arbitrary b G P, if Tirilb)) = b for -k^ G 11, then 
r = 0, that is, vr^ =id. 

Proof. If 7r,.((6)) = b then ((-6)7r^6)((0)) = 0. The element (-6)7r^6 
for r 7^ does not belong to H^, which is normal in W . However, 
w{{{})) ^weW. 

It is instructional to check this claim explicitly. Introducing the map 

i ^ i hy = nri^oti) , TTr{{b)) = 6 for r 7^ is equivalent to 

n 

b = ^j^jj = Hi ^ Tj for uq = 1 — {'d,b), < i < n. 

Indeed, Uriib)) = 6 -v^ (a/, 6 + c?) = (a|, 6 + (i), that is 

(a^,, b) = 1 — {-d, b) = (a^, b), where r' = 0, 
(a;,6) = (a^,6) for ^ r'. 
Setting = V . K,ay and using that = 1 = k,./ , 

(1.33) b = "^rijUJj = TTriib)) G P ^ 

n 

{ rzj = rij G Z for 7^ j 7^ r' , = , Uj. + KjUj = 1 }. 

i=i 

The sum Ur + 

KjjTij IS divisible by the order of vr^ in the case of 
An, SO there are no such b for this root system. Similarly, they do not 
exist in the case of -82;+! (^ > 1) and for tt^ of order 4 {D21+1, {I > 2)); 
indeed, tTj. has no fixed nonaffine aj in these cases and the sum is 
divisible by 2 . In the remaining cases, vr^ 7^id have fixed nonaffine 
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a)-; the corresponding labels 2 for B, C, and 3 = |n| for Eg, 

therefore, the sum is divisible by 2 or 3 and (1.33) is impossible. □ 

The element b- = Uh{h) is a unique element from P_ that belongs 
to the orbit W{h). Thus the equality c_ = means that 6, c belong 

to the same orbit. We will also use 6+ = tL'o(&-), a unique element in 
W{h) n P+. In terms of the elements tt^, 

UbTib = -n-b^w^^ = 6"^ = -Wo{b). 

Note that /(vr^w) = /(tt;,) + l{w) for all 6 G P, w G VT. For instance, 

(1.34) l{b.w) = l{h^) + l{w), l{wb+) = l{b+) + l{w), 

l{ub7rbw) = l{ub) + /(TTfe) + /(w) for b e P, w e W. 



1.4. Partial ordering on P. It is necessary in the theory of non- 
symmetric polynomials. See [03, M5]. This ordering was also used in 
[C4] in the process of calculating the coefficients of F— operators. The 
definition is as follows: 

(1.35) b<c,c>b for 6, c G P if c-beQ+, 

(1.36) b ^ c,c y b if 6_ < c_ or {6„ = c_. and b < c}. 

Recall that 6_ = c_ means that b, c belong to the same VT— orbit. We 
write <,>,-<, :^ respectively if 6 7^ c. 
The following sets 

(r{b) = {ceP,cy b}, a,{b) = {ceP,cy 6}, 

(1.37) a^ib) = a{b^), a^{b) = a,{b+) = {c G P, c_ > 

are convex. By convex, we mean that if c, ci = c + ra G cr for a G 
P+, r G Z+, then 

(1.38) {c, c + a, ...,c + {r — l)a, d} C a. 

The convexity of the intersections a{b) fl 14^(6), cr*(6) fl W{b) is by 
construction. For the sake of completeness, let us check the convexity 
of the sets (J±{b). 

Both sets are 14^— invariant. Indeed, c_ > 6_ if and only if b^ > 
w{c) > b_ for all w & W. The set o"„(6) is the union of 0"+ and the 
orbit W{b). Here we use that 6+ and b- are the greatest and the least 
elements of W{b) with respect to ">". This is known (and can be 
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readily checked by the induction with respect to the length - see e.g., 
[C4]). 

If the endpoints of (1.38) are between and b- , then it is true 
for the orbits of all inner points even if w & W changes the sign of a 
(and the order of the endpoints). Also the elements from a{b) strictly 
between c and d (i.e., c + qa, < q < r) belong to o"+(6). This gives 
the required. 

The next propositions are essentially from [C7]. We will use the 
standard Bruhat ordering. Given w G W, the standard Bruhat set 
B{w) is formed by u obtained by striking out any number of {sj} from 
a reduced decomposition of w e W. The set B{w) does not depend on 
the choice of the reduced decompositions. 

Proposition 1.6. (i) Let c = u{{0)), b = w{{0)) and u G B{w). The 
latter means that u can he obtained by deleting simple reflections from 
any reduced decomposition of w, say, from the product of the reduced 
decompositions of tti, and w in the decomposition w = iTbW. Then b 
and b — c is a linear combination of the non-affine components of the 
corresponding roots from X{w~^); also, c = b if and only if sj are deleted 
only from the reduced decomposition ofw. 

(a) Letting b = Sj((c)) for < i < n, if the element SjVTc belongs to 
{tTq, a G P} then it equals Tib- It happens if and only if (ctj, c + d) ^ 0. 
More precisely, the following three conditions are equivalent: 

(1.39) {cyb}^ {(a^ C + d)>0}^ {s.TTe = TTb, /(tTj,) = /(tT,) + 1}. 

// the latter holds, then X^iih) = iT^^{ai) fl A(7rc), where 
n~^{ai) = Uc{ai) + [0, (c,^^)]. 

□ 

The following lemma from [C6] completes (ii); it describes the case 
{a^,c + d) = 0. 

Lemma 1.7. The condition {ai,c + d) = for < i < n equivalently, 
the condition {ai,b + d) = 0, implies that udcti) = aj as i > or 
Uc{—^) = aj as i = for a proper index j > 0. Given c and i, the 
existence of such aj and the equality {aj,C-) = are equivalent to 
(aj, c + d) =0. 

Proof. If ? > then a = Mc(«j) > and {a, c_) = 0. If a = /9 + 7 for 
positive roots /3,7, then (/3, c_) = = (7,c_). Hence P' = u~^{P) > 0, 
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7' = ^(7) > and therefore = /5 + 7, which is impossible. Thus 
a must be simple. 

Similarly, {&,c) = 1 implies that a = Uc{—'&) > 0, = — 1. 

Let a = /3+7, where > < 7. Since -d and a are short, we can assume 
that at least one of them is short, but it will follow automatically. Then, 
transposing /3 7 if necessary we obtain that c_) = —1, (7, c_) = 
0. Since (/3,c_) = z//3(/3^,c_) we conclude that up = 1 and (3 is short. 
Hence 13' = -u~^{/3) > 0, 7' = -^"^(7) < and therefore t!) = jS' + 
7' < (3'. The latter results in "i?^ < {f3'y , which is impossible since 
■i?^ = 'i? is the maximal positive root in R^. □ 

Combining the lemma with (1.25), we come to the following corol- 
lary: 

Corollary 1.8. Let us take c E P such that X{7ic) contains [—a,Vaj] 
for each a G R+ where j > (then it holds for j = 1). It results in 

— (c_,aj/) > for all n > i' > and, given w G W , the condition 
l{w) +/(7rc) = /(wTTc) implies that wuc = Hb for some b E P, having the 
same property as c (due to X^tTc) C \{'iTh)). 

Proof. Here the condition — (c_, a^ / ) > for alH ' > (we can write 

c_ G P ) guarantees that SjVTc is in the form nh for any i > 0. This 

condition follows from the assumption for c (but is somewhat weaker). 
Provided /(sjTTc) = /(vTc) + 1, we obtain that X{si7ic)=X{7rb) ^ ^(vrc) and 
can continue by induction with respect to /(tTc). 

See also the next proposition, that gives an explicit description of the 
changes of the A— sets A(7rc) and c_ upon the multiphcation by simple 
reflections. □ 

Proposition 1.9. (i) Assuming (1.39), let i > 0. Then b = Sj(c), 
b- = c_ and Ub = UcSi. The set \{TTh) is obtained from A(7rc) by adding 
[a, (c_,a)] for a = Uc{ai), i.e., by replacing the inequality (c„,a^) > 
j > in (1.25) with (c_,a^) > j > 0. Here a e R- and (c_,a^) = 
(c,ar)>0. 

(a) In the case i = 0, the following holds: b = d + s^(c), the 
element c is from (T+{b), b_ = — Uc{'d) G P_ and Uf, = UcS^. For 
a = Uc{—'&) = the X-inequality (c_,a) > j > Q is replaced with 
(c_,a) + 2 > j > 0; respectively, the root [a, (c_,a) + 1] is added to 
Xij^c)- Here a = G R- and (c_,a) = — (c, ^9) > 0. 
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(Hi) For any c & P,r & O', one has iVriTc = Tib where h = 7rr([c)). 
Respectively, Uf, = u^Ur, b = Uj. + u~^(c), 6„ = c_ + UcWo{uJr). In 
particular, the latter weight always belongs to P_. 

2. Reduced decompositions 

We will discuss properties of the reduced decompositions in connec- 
tion with the corresponding A— sets and A— sequences. 

2.1. Lambda— sequences. Let us give an intrinsic description of the 
sequences X{w). See (L32) for a more geometric approach based on 
the affine Weyl chambers. 

Main Theorem 2.1. (i) A sequence A = {a\ . . . a^} of pairwise dis- 
tinct roots from can be represented in the form X{w) for a certain 
w if and only if the following six conditions are satisfied: 

(a) { 5 = 5'' + 5'' ^ [0, Z], 5 e -R+ } ^ 5 G A ; 

(b) {a^ = a'' + a^' } ^ {p is between q,r in \ }; 

(c) {gf = /^ + 7 for j3,^eR+} =^ {^e A or 7 6 A}; 

(d) {a^ = a'^ + ^ for R+ 3 ^ ^ X} =^ q <p; 

(e) {gP = [a, Uaj] e A, [a, u^j '] E R+, < j' < j} [a, Uaj']e \ ; 
(/) {aP = [a, a'^ = [a, i^aj 'I < j ' < j} ^ q < p . 

(a) Assuming that (a),(c),(e) hold for a set \, called a A— set, there 
exists at least one its ordering, called a A— sequence, satisfying condi- 
tions (b),(d),(f ). All such sequences are in one-to-one correspondence 
with reduced decompositions of w E W such that X{w) = A. 

(Hi) Conditions (a,b,c,d) imply conditions 

(a) {a' = uoi^ + voJ" G -R+ } ^ 5' G A; 
{b') { 5^ = + va^ } ^ p is between q, r; 

(c') {aP = u]3 + for 7 G -R+ } ^ { ^ G A or 7 G A }; 

{d') { 5^ = ua'^ + v^forRj^3^^\} =^ q < p, 

where u, v are positive rational numbers. These conditions coincide 
with (a,b,c,d) in the simply-laced case. 
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Proof. The induction in / will be used. Claims (i,ii) are obvious as 
/ = 1. We will establish claims (i,ii) for / assuming that (i) holds for 
all 1 < I' < I, that is the equivalence {a,b,c,d,e, f) 4^ {A = \{w)}, 
and that (ii) holds for such / ' , that is the existence and description of 
the A— sequences for any given A— set, 

Given w', the product w'si is reduced if and only if ^ A(u'') = 
{5'~^, ■ ■ ■ ,5^}. Then \{w'si) = {si{\{w')),ai}. Note that the last set 
is automatically positive (belongs to since Si{R+) fl R- = —ai. 
Indeed, the decomposition of any i?+ 9 5 7^ a* in terms of simple roots 
in i?+ and imaginary roots [0, Z] contains either a simple root aj 7^ ai 
with a positive coefficient or an imaginary root [0,m] with m> 0. 

Let A(^;) be the A— sequences for a reduced decomposition w = 
T^rSii ■ ■ ■ Si^. Then the set {^^^(a'), ■ ■ ■ , Sj^(5^)} is \{w') for w' = wsi-^ 
of length / — 1, and we readily deduce (a — /) from the induction as- 
sumption. The only if statement for / is verified. 

Let us check that A = {5*'} of length / satisfying (a, b, c, d, e, /) 
corresponds to a certain w. First of all, 5^ G A must be a simple 
root. Otherwise, one can represent = + f3 for a certain simple 
ttj where f3 is either from or is an imaginary root [0, uj] for some 
J > 0, 1/ = UaP- However, such must appear in the sequence A before 
5^, which is impossible. 

If only (a, c, e) are imposed for /' < /, then the same argument gives 
that A considered as an unordered set contains at least one simple root. 

Using the notations = S51, 5' = s^(5), the roots (5^)' = s^(5^) 
are all positive; see above. Let us establish that the sequence A' = 
s^{{a'', . . . , 5^}) satisfies (a, b, c, d, e, /); respectively, it satisfies (a, c, /) 
if A and A' are considered as unordered sets. 

The claims (a, b) are obvious. Applying to any [(3, upj] diminishes 
j by a non-negative integer (by zero, if is nonaffine), that gives (e, /). 

As for {c,d), let (5^)' = -|- 7' for positive P' and 7'; it suffices 
to consider only 7' = 5^. Then 

= ^ - 51 ^ /5 = + 51 ^ = g < p} ^ ^' e A ' , 

where /3 = s^{l3'). It gives {c,d) if 7' = 5^. Otherwise, both, P and 
7, are positive, and (c, d) for A' follow from those for A. 

Now we can use the induction assumption for A ' ; it gives that A ' = 
X{w') and we can go from w' to w = w's^ as above. 
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If only conditions (a, c, e) are imposed, then given any ordering of 
the set A' of type {b,d,f), the sequence {s^(A'),a^} satisfies {b,d,f) 
too. This is sufficient for estabhshing (ii). 

The claims from (iii) are checked using the same induction consider- 
ation. □ 

Note that if 7 = Xl-m^'^'" ^ ^+ where 5'^™ G \{w), then, obviously, 
7 G X{w). It formally results from Theorem 2.1,(i) due to the known 
fact [B] that there exists a permutation of the indices m, 7 = 5^^ + 
5''^ + . . ., such that all partial sums 5'^^, a"^^ + S'^^, . . . are from A. 

2.2. Coxeter transformations. We will prepare tools for studying 
transformations of the reduced decompositions. The elementary ones 
are the Coxeter transformation that are substitutions {■ ■ ■ SiSjSi) t— > 
(■ ■ ■ SjSiSj) in reduced decompositions of w E W with the number of 
factors 2,3,4,6 as ctj and aj are connected by niij = 0,1,2,3 laces 
in the affine Dynkin diagram. They induce reversing the order in the 
corresponding segments (with 2,3,4,6 roots) of the sequence A('u;). 
The corresponding roots form a set identified with the set of positive 
roots of type Ai x Ai,A2,B2,G2 respectively. The action of Coxeter 
transformations in A— sets plays an important role in the paper. 

Proposition 2.2. (i) Given w G W , the roots a that may appear in the 
beginning, the first roots, of the sequence A(u}) = {. . . , 5} for different 
reduced decompositions of id are exactly simple roots a = ai E \{w). 
The last roots , i.e., a such that \{w) = {5, . . .} for a suitable reduced 
decomposition are exactly a = —{u~^{ai) for ai G X{w~^) = —w{\{w)). 

(ii) The last roots of \{w) are also exactly a G \{w) satisfying the 
following two conditions: 

(a) a ^ /3 + 'y for any two roots /5,7 G X{w), 

(b) ^ ^a + p for any^ e \{id), R+ U[0,N]3p ^ \{w). 

(iii) Given a reduced decomposition ofw, if^ = ua+v[3 for a, E 
X{w), Q 3 u,v > 0, anda,^ are neighboring in X{w), then proper Gox- 
eter transformations in the segment from j3 to ^ (j is excluded) make 
P next to 7, i.e., make the triple Py^yCi a connected segment in the 
resulting X— sequence. 

Proof. Claim (i) is simple and well known. The demonstration of 
(ii) is by induction; we assume that w = w'si as l{w) = l{w') + 1 and 
apply (ii) for w'. It is as follows. 
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Since Si{a') > for all a' G R+ \ {ai}, a root a G A(u}) satisfying 
(a, 6) for w equals Si{a') for 5' G X{w') satisfying (a, 6) for w' unless 
a = ai {P ai because ttj G \{w)). Thus 5 7^ is the last for a 
certain reduced decomposition of w' multiplied by Si on the right. 

We need only to check that ai can be made the last in a sequence 
X{w) if 

(2.40) ^^ai + p ior any 7 G A(fy) ^ /3 G ^+ U [0, N]. 

By induction, the last two roots of Xiw) can be made 6,ai,..., 
{X{w) = {a,ai, . . .}) for a proper reduced decomposition of w. Here 

6 is the end of Xlw); it satisfies Si{6) > since 5 = ) for 5' = 
Si (5) G X{wJ CR+.^ 

Setting 6' = Si{6) = 6 + mai, either m = and we can simply 
transpose 6 and in X{w), or m > 0, or m < 0. In the case m > 0, 
6' G A('u;) and it must be between 6 and ctj, which is impossible (they 
are neighbors). If m < and 6' G X{w), then 6 must be between 5' 
and ai, which is impossible too. Thus m = —p < and 6' ^ X{w). 

Finally, ai + (3 = 6 where the root (3 = 6' + {p — l)ai belongs to 
-R+ U [0,N] (see [B]). If here /? G A('u;), then 5 must be between (3 and 
ai, which is impossible because 6 was the end of the sequence X{{u). If 
P ^ X{w), then it contradicts assumption (2.40); (ii) is checked. 

Now let ua + vP = J for the roots in X{w) a.s u,v > 0. We are going 
to make them consecutive in a proper reduced decomposition. Note 
that u,v > is necessary and sufficient to make 7 between a and p. 

One can suppose that a = ai is the first in A(u'). Then 7 is the 
second in this sequence and the reduced decomposition reads as w = 
■ ■ -SjSi for j such that 7 = Si{aj) = mai + C(j for m G N and ai, aj 
are connected in the affine Dynkin diagram. Continuing, we can find 
a reduced decomposition of w in the form w = uv, v = ■ ■ ■ SiSjSi, 
l(uv) = /(«)+ l(y) where v is the longest possible product of Si and Sj, 
equivalently, ai,aj ^ X(u). 

Let as assume that P G v~^{X(u)). Since v{P) is a (positive) linear 
combination of ai,aj, then either ai or aj must belong to X{u), a 

contradiction. Hence P G X{v), which proves (iii). □ 
Comment. Claim (ii) is a demonstration that Theorem 2.1 is suffi- 
cient for a complete characterization of the last roots of the A— sequences. 
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Note that one can use here the plane geometric interpretation of 
the reduced decompositions from [C2] for affine classical root systems 
(see there the reference concerning the non-affine case and the so-called 
reflection equation). □ 

For A satisfying Theorem 2.1, one can introduce quasi-simple roots 

/5 G A that are not sums of the roots from A as in (a). Arbitrary 
5 G A are their sums, but, generally, they are not linearly independent 
vectors; for example, there are four quasi-simple roots in X{w) for w = 
(4231) G S4 (the case of A3). 

It is possible to express the set {/3} of quasi-simple roots of w in 
terms of {P' } for w' as w = w'si, l{w) = l{w') + 1: 

(2.41) {[5} = {«,} U { sS' ) I ^' + ^ Kw) }. 

The following variant of this definition (they coincide in the simply- 
laced case) has applications to the Bruhat ordering. We call /3 G A a 
pseudo-simple root if m(3 is not a sum of roots in A for any m G N. 

Proposition 2.3. (i) Given a A— sequence A = \{w), the indices {p} 
of pseudo-simple roots aP (see (1.21)) are exactly those satisfying the 
condition l{w') =1 — 1 for w' obtained from w by deleting in w = 

T^r^ii ' ' ' Si-^ . 

W = -KrSii ■ ■ ■ Si^^^Si^_^ ■■■Si^ = WS^ for = Sav 

(a) The set {j3} of pseudo-simple roots of w = w'si such that l{w) = 
l{w') + 1 is as follows. For the set of pseudo-simple roots {(3' } for w' , 

= {a.i} U {s,(/?') \ m']3' +ai^ \{w') for any m' G N}. 

(Hi) Arbitrary roots from X{w) are linear combinations of pseudo- 
simple roots with positive rational coefficients. 

Proof. The condition l{w') = / — 1 is equivalent to the positivity 
(5«) G ^+ for g = p + 1, ...,/; see (1.16). If 8^(5") < then^-/3 = 
5" - maP <^0 for m = ((aP)^,a'?) > 0,/5 > and maP = (3 + a'^. 
However, —(3 cannot appear in A— sets and has to coincide with —5^ 
for some r < p; see (1.17). Thus m5^ = 5^-1-5'^ and 5^ is not pseudo- 
simple in A. 

Let us begin now with such that ma^ = 5^ + 5'' for q > p > 
r. Considering a root subsystem of rank two containing 5^, a"^, a'^ as 
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positive roots, the coefficient m can be 1 for ^42, 1, 2 for _B2, 1, 2, 3 for 
G2- In either case, the root 

s^(5^) = 5'' — m' 5^ = (m — m' — 5^ for m' = ((a^)^, a*^) 

is negative. 

Claim (ii) is parallel to (2.41). Claim (iii) follows from (ii). Indeed, 
ai belongs to the set of pseudo-simple roots in X{w). Also, given a 
pseudo-simple root j3' G X{w'), the root Sj(7') will be pseudo-simple 
in X{w) for the last 7' in the sequence \{w') satisfying 7' G +vai 
as u,v & Q,u > 0. □ 



2.3. Theorem about triples. We are going to discuss a connection 
of the non- quasi- simple roots and the Coxeter transformations; the 
latter become Coxeter permutations in the context of A— sets. The 
theorem below is expected to be an important tool for the classifica- 
tion of semisimple representations of DAHA and similar questions. It 
clearly demonstrates why dealing with the intertwining operators for 
arbitrary root systems is significantly more difficult than in the An— 
theory (where much is known). The classical theory of root systems 
[B, Hu] is uniform at level of the generators and relations. However, 
if the "relations of relations" are considered the root systems behave 
differently; the simplest are and the rank two systems. 

First of all, positive roots a,f] from a rank two root system of 
type ^2, -B25 G2 are simple if and only if 

(2.42) 5 + /3 G i?^ and \a\ 0\ for B2, G2, where |5|^ = 2z/„. 

Note that 5 + is always a short root for such 5, (3. 

Given a reduced decomposition of w, the endpoints in A(^;) corre- 
sponding to (complete) Coxeter sub-products (■ ■ ■ SiSjSi) are such 5, /5. 
Vice versa, if 7 = 5 + /3 G R+ and also I7I = \a\ = \P\ as \a\ = 
then a, (3 come from (2.42) for some unless R is of type G2- 

If R is the affine system of type G2 and I7I = \a\ = then we 
need to assume additionally that 5, /3, 7 are all short and there are 
no long roots among their linear combinations, i.e., that they do not 
belong to any (finite) subsystem of R of type G2. We call such triples 
A2— pure- short. 
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In the simply-laced case, we set (technically) Ing = sht, i.e., any 
conditions that certain roots are long or short are disregarded as -R = 
A, D, E in the following theorem and below. Recall that we use the 
notation R = An, Bn, . . . , G2 for i? corresponding to R = An, Bn, Cn- 

A connected part of the sequence \{w) isomorphic to the sequence 
of all positive roots of type ^2,-82 or G2 will be called a segment of 
rank two in the next theorem. Concerning root subsystems used in 
this theorem, they can be arbitrary; it suffices to suppose that they are 
intersections of R with Q— subspaces in Q[-R]. 

Main Theorem 2.4. Given a reduced decomposition of w G W , let 
us assume that 5 + /9 = 7 for the roots . . . , /3, . . . , 7, . . . , 5 . . . in X{w) 
(a appears the first), where only the following combinations of their 
lengths are allowed: 

(2.43) (a) lng+ sht = sht or sht+ Ing = sht ( all systems R), 

(2.44) (6) lng+ Ing = Ing {B^F^) or sht + sht = sht (0,^), 

(2.45) (a) the roots a, (3 are A2— pure-short when R = G2- 

(i) Let [(3, a] be a segment in \{w) from a to (3. There exists u & W 
such that u(7) = 7 and the Coxeter transforms in [u{[3),u{a) ] can be 
used to make the triple u{a),u{(]),u{j) = 7 part of a segment L of 
rank 2 in X{w). Moreover, one can assume here that u = Sji - ■ ■ Sj^ and 
all consecutive products Um = Sj^ ■ ■ ■ Sj^ (uq =id) leave 7 invariant for 
m = 1, . . . , / and 

u„(5) G X{w) 3 u„,0), [u„,{a),Uni0)] C [u„_i(5), m^_i(^)], 

where the Coxeter transforms can be used in [um-i((i) ,Uni-i{P)] before 
finding the next [^^(5), Mm(/5)]- 

One can take u =id in cases (a) for R = An, Bn, Gn, F^^, G2 and 
also for the system G2 under (c). 

(a) For the triples of type (b), such L does not exists with u =id if 
(and only if unless for Gn>i) a root subsystem R^ <Z R of type B3 or 
C3 (m = 1,2) can be found such that 

(2.46) P = ei + €3, a = €2 - €3, ei - £2 ^ [P,a] ^ mes, or 

(2.47) ^= 62 + 63, 5 = ei - eg, 61-62 ^ ^ mes; 
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the notation is from [B], the positivity in is induced from Equiv- 
alently, the sequence [/3,5] fl B^j^ (with the natural ordering) must he 

(2.48) { ei + es, mei, 62 + es, 7 = ei + e2, ei - 63, me2, 62 - 63 } or 

(2.49) { e2 + 63, me2, ei + 63, 7 = ei + e2, 62 - 63, mei, ei - 63 } 

■uj* to Coxeter transforms in and changing the order of all roots 
in (2.48) to the opposite. If a is assumed simple in R^ , then only 
(2. 46), (2. 48) may occur. 

If such R^ exist, one can still take u =id using Coxeter transforms 
in the whole \{w) if the latter set contains either ei — €2 or me^ for 
every such R^ . 

(Hi) For the root system R of type Cn>4, -Dn>4 or Eqj^s, let as assume 
that a is simple in -R+. Then such L does not exists with u =id if (and 
only if unless for C) a root subsystem R'^ (Z R of type D4 can be found 
such that 

(2.50) p = ei + es, 7 = ei + e2, a = 62 - 63, 

{ ei - £2, £3 - £4, £3 + £4 } n 5] = 0; 

the notation is from [B], the positivity in R'^ is induced from Equiv- 
alently, the sequence [/3,5] fl i?^ must be 

(2.51) { /? = ei + €3, ei - £4, ei + €4, ei - €3, 7 = ei + €2, 

£2 + es, £2 + £4, £2 - 5 = ea - e3 } 

up to Coxeter transforms in R^. Equivalently, [/?, 5] flR^ is the X—set 
of Sgi in R\ for the maximal root 9'^. Equivalently, a = a^, 7 = 6'^, 
/3 = — a| and also (a unique simple root non- orthogonal to 6"^) is 
the only simple root from in [(3, a]. 

In case of Cn>A (when T contains a subdiagram of type D^), either 
(2.50)-(2.51) must hold or those from (ii) for R^ if such L does not 
exist with u =id. ^ 

If a is not assumed simple in R^, then the condition is that 7 = 6*^ 
and [ /3, 5 ] D R\ contains a unique simple root from R\ . 
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2.4. Discussion. Before proving the theorem, let us discuss some corol- 
laries and general facts that we will need to clarify and verify claims 
(i,ii,iii). 

We do not give the complete list of possibilities for (iii) without the 
assumption that a is simple It is analogous to that in (ii). Actually, 
it suffices to assume that it is simple in because one can always 
switch to considering {w')~^[P, a] where w' is the portion of the reduced 
decomposition of w before a. However, sometimes it is convenient to 
avoid making 5 simple; the next comment can be readily extended to 
(iii). 

Comment. Note that (2.48) is the only case that may occur if a 
is assumed to be simple in R^. In this case, if ei — €2 or mea appear 
in Xiw), then it can happen only after the last root in this sequence, 
ei + 63. For instance, mea must be after mei since e-s + (ei — £3) = ei 
implies that it is after ei + £3. As for (2.49), mea (if present in X{w)) 
appears after the last root, €2 + e^. Also, X{w) must contain ei — €2 
before ei — €3, since ei — €3 = (ei — €2) + (£2 — 63) and €2 — 63 is after 
ei -63 in (2.49). 

Similarly, if the inverse of (2.48), 

(2.52) { 62 - 63, 17162, ei - £3, 7 = ei + 62, €2 + £3, rnei, ei + €3 }, 

belongs to A(u;), then the latter sequence must contain ei — 62 and me^ 
(before ei + €3). For instance, (ei — 62) + (62 + €3) = 61+63 results in 
61 — 62 G \{w). □ 

Example of Eq. The following example seems a good illustration 
of (iii). Let w = sg for the maximal root 6 = uj2 in R of type Eq. 
Then a2 cannot be moved in the triple {P = 9 — 0:2,7 = 9,a = 02} 
from its first position and these roots cannot be made neighboring in 
[/?, a] G X{sg). Thus there must exist a 9— root set of type D4 from 
(2.51). In notation from [B], the simple roots from R^ are as follows: 
61 — 62 = 04, €2 — €3 = a2 and 63 — 64 = 03 + 04 + 05, 63 + 64 = 

+ as + 0^4 + as + oe- The complete description is as follows (we show 
the roots from Eq under the corresponding ones from the 9— set): 

ei+es, ei - £4, ei + £4, ei - es, ei + £2, £2 + £3, £2 + £4, £2 - £4, £2 - £3 : 

12321, 11211, 01210, 12221, 12321, 00100, 11111, OHIO, 00000. 
111121111 

□ 
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Example of F4. Let w = for the maximal short root -i? = cui in 
R of type F4. Then cti cannot be moved from its first position in the 
triple {l3 = — ai, J = a = ai}. According to the theorem, there 
must exist a 7— root set of type C3 from (2.48). In notation from [B], 
it is as follows: . 

ei+es, 2ei, €2+63, ei+e2, ei-es, 2e2, £2-63 : 

1231, 2342, 0121, 1232, 1110, 0122, 0001. 

□ 

Note, that {ej} are the roots from Theorem 2.4 in these two exam- 
ples, i.e., they are the basic vectors used in [B] to describe i?^ and 
correspondingly (not {ej} for Eq and F4). 

One can readily find all reflections with the endpoints a = a.i,P = 
7 — ttj G X{s7y) that are non-movable inside X{s7y) under the Coxeter 
transformations. The examples above can be generalized as follows. 

Proposition 2.5. (i) Let us assume that the X— sequence X{sj) for-^ G 
has a unique beginning 7 = a, for < i < n. Then [3 = —s^y^ai) is 
its unique end. Provided that the lengths of 7 and at coincide and the 
nonafflne components of these roots are not proportional, /9 = 7 — 
and {/?, 7, 5} form an A2— triple. 

(a) Let 7 = [7, u^j] for 7 G R+,j > 0. Then the conditions from (i) 
are satisfied only for i > and if and only if 

a) (7, tti) > for a unique 1 < i < n (< otherwise), 

b) moreover, I7I = |Q!j| and ^ ^ ai for such ai. 
Here j > can be arbitrary. 

(Hi) Let 7 = [— 7, z^7j] for 7 G R+,j > 0. Then (i) holds only 
for i > and if and only if 7 is either a maximal short root or a 
maximal (long) root, d' or 6' , for a root subsystem R! corresponding to 
a connected subdiagram F' G F such that 

a) a^i ^ V for a^i G F linked to in the affine Dynkin diagram T, 

b ) there exists a unique F 3 am ^ F' connected with T' by a link. 
Here i = m and d' or 6' are chosen to ensure that I7I = \am\ (T' must 
contain roots of length \am\); j > can be arbitrary. 

Proof. Claim (ii) is straightforward. The uniqueness of gives that 
ao ^ X{s^), i.e., i > 0. Indeed, Sy{ao) = + 2-7^^7, and the latter 



48 



IVAN CHEREDNIK 



is a positive root since (7,'i?) > 0. However, at least one simple root 
must sit in X{s^)] therefore, it can be only nonaffine. 

Similarly, (7,ai/) < for i' = l,...,n unless i' = i, (when this 
inner product must be strictly positive). Otherwise, Oj/ G X{s^), which 
contradicts the uniqueness. The condition |7| = \ai\ here is necessary 
and sufficient to ensure that we really deal with an yl2— triple. 

Assuming now that 7 = [—7, u^j] for 7 > 0, j > 0, let us check that 
z > in (i). If 2 = then (i) holds if and only if 7 is short, {'~f,'&) = 1 
and (7, ai') > for all i' = 1, . . . ,n. However, the latter implies that 
7 = t?, which contradicts to (7,'i9) = 1. Thus {'~f,'&) = 0, which holds if 
and only if the decomposition of 7 does not contain ac connected with 
Q!o in r by a link. 

Let r' C r be the support of 7 (the set of all simple roots appearing 
in its decomposition). Then any simple root am from (b) can be the 
beginning of the sequence X{s^) due to (7, am) < 0, which implies that 



At least one such am exists. Thanks to the uniqueness, one such am 
can exist. Moreover, (7,aj/) > must hold for all ai> G F'; otherwise, 
there will be other simple roots in A(s^). These conditions imply that 
either 7 = ^9' as am is short or 7 = 6'' (the maximal positive root in T') 
as am is long, which results from I7I = \am\- Here we use that ^ is a. 
minimal positive root in P+. □ 

We can now describe all non-affine roots 7 G -R+ such that 7 and the 
ends of A(s^) form a non-movable ^42— triples; the examples of Eq and 
F4 considered above correspond to 7 = "i?. Proposition 2.5, (iii) gives 
a complete description of such roots in the form 7 = [—7, z/^j] > 
for 7 > 0. Therefore we can restrict ourselves with 7 = [7, 1^7 j] > 0. 
Moreover, it suffices to assume that j = 0, since the answer is uniform 
with respect to j > 0; see Proposition 2.5, (ii). We will consider here 
the cases Eq, F4, B, C, D; there are 7 such 7 > for E^ and 22 for Eg. 

The following are the lists of nonaffine roots 7 such that the ends 
= 7 — Oj, a = of X{s^) are non-movable under the Coxeter trans- 
forms within A(sq) and {/3,7,a} form an triple in the cases of 
E4^,B,C (i.e., subject to \ai\ = The bar shows the place of the 

corresponding ai. 



(Qm., 7) 
(7,7) 



7 G -R_ and am G X{s^). 
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The case of Eq. The roots 7 G R+ with non- movable ends: 
01210, 12210, 01221, 12321, 12321. 
11112 

The corresponding {/3 = 7 — 7, ca} automatically form a triple. 

The case of F4. The roots 7 G R+ with non-movable ends of A(s^) 
and subject to = I7I are: 

0121, 1220, 1231, 1232, 1342, 2342. 

The case of B,C,Dn. Given = ej — ej+i, the corresponding 
root 7 equals ej_i + for i = 2, . . . , n — 1 (it is unique) provided that 
n > 3 and i < n — 1 > 3 for Dn- The notation is from [B]. 

The Coxeter sequences of types A2, B2, G2 in reduced decompositions 
of a given w & W can be naturally identified with segments of X{w) 
isomorphic to the sequences of positive roots of a rank two systems. 
By a Coxeter sequence in a reduced decompositions of w, we mean 
a representation w = w'vw" subject to l{w) = l{w') + l{v) + l{w") 
such that V = (■ ■ ■ SiSjSi) with rriij > 3 factors. We will consider 
all possible reduced decompositions of w in the next corollary, i.e., the 
Coxeter sequences are those that can be made consecutive in at least 
one reduced decomposition of w. 

Corollary 2.6. (i) The triples satisfying one of the conditions (a),(b) 
or (c) and such that they can be made consecutive in at least one reduced 
decomposition of w are in one-to-one correspondence with Coxeter se- 
quences of type 

A2 in case (a) for the root systems A,D,E or in cases (b),(c), 
B2 in case (a) for the systems B,C,F4, or G2 for (a) and G2- 

(a) Let V (-R° ) C X{w) for v E W and the set of all positive roots 
of a finite root subsystem generated over Z by a connected subset 
c/ {q^O; ■ ■ ■ ,«n}- Then Coxeter transformations can be used to make 
w a (connected) segment in the corresponding X{w) if there are no 

triples 5, /5, 7 in X{w) n Rl that can be extended to a 7— set from (ii) 
or a 9— set from (Hi) (upon the conjugation making a simple). 

□ 

Comment, (i) The proof below is actually an algorithm of find- 
ing such rank two segment (s) L. We will prove (i,ii,iii) by induction. 
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assuming that these claims hold for all 

{. . . , P, . . . ,a, . . .} in any X{w) such that a] = £' < £, 

where the i— length i[f3, a] equals the number of roots in the segment 
[j3, a] C \{w)] including the endpoint. The algorithm below diminishes 
£. The part of the theorem concerning using u y^id naturally emerges 
in this procedure too. The last claim from (ii) about using the whole 
\{w) and its counterpart for (iii) (that was not formulated explicitly) 
require a somewhat special consideration; it will be omitted. 

(ii) Claim (i) of Corollary 2.6 is a straight application of (ii,iii) from 
the theorem. We will skip the proof of claim (ii) of this corollary; it 
is not too important in this paper. Generally, there are quite a few 
situations when we can collect the roots from certain subsets of A(w;) 
together using Coxeter transforms. Claim (ii) gives an example. 

Note that long roots that are sums of two short roots are excluded 
from the theorem; they exist for B, C, F if the short roots are orthogo- 
nal to each other. Such pairs are not needed in Corollary 2.6, (i) for the 
one-to-one correspondence with the Coxeter transformation of types 
^2,-82,^2. _ 

(iii) The theorem can be verified much simpler for An and for the 
root systems Bn,Cn where the triples are not of type (b). Here either 
the planar interpretation can be used or the fact that the simple roots 
have multiplicities no greater than 2 in all positive roots. We will 
discuss the latter "numerical" approach in detail and give references 
concerning the planar interpretation. 

Let us mention that the 7— sets from (ii) is somewhat simpler to deal 
with than the 9— sets from (iii); see Lemma 3.1 and especially Lemma 
3.2. Also, the case of F4 is more involved than those of B, C and 
requires a special consideration (some details will be omitted). □ 



3. Induction process 
Let us first clarify property (2.48) for i?,C, F4 under {h). 

3.1. Subsystems B^^C^. We will describe all possible intersections 
of A— sets \{w) with from (ii). The notations from the previous 
section are used. 
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Lemma 3.1. Let the triple {a, /5, a + /3 = 7} of type (h) belong to the 
intersection A° of X{w) with R\, the set of the positive roots of type 
or C3 in R: 

{ mei, I < i <3, ± e^, ? < j < 3, } C -R+ as m = 1, 2. 

Assuming that a is simple in R^, the ordered pair {jS, 5} coincides with 
one of the following pairs: 



The second root (after ei — 62) in the sequence can be ei — 63 and 
mes in cases (0,1); the second root (after €2 — e^) can be ei — €3 and 
me2 in cases (2,3). 

Case (la): (1) and the second root is ei — 63. Then the third root is 
mei or e2 — £3 and 

{ /5 = £2 + £3, ei + £2, rne^,, e\ + 63, mei, ei - £3, 5 = ei - €2 } C A°. 

Case (2a): (2) and the second root is me2- Then the third root is 
ei - €3 or €2 + 63 O'lT'd 

{P = €1-62, mei, ei - es, ei + €2, me2, 5 = e2 - es } C A°. 
Case (3a): (3) and ei - 62 G A°. Then 
{ /? = ei + 63, ei + e2, mei, ei - £2, ei - £3, « = £2 - £3 } C A°. 

The second root in A° can be ei — £3 or me2. 

Case (3aa): (3a) and me2 ^ A°. T/ien A*^ is precisely this set. These 
6 roots appear in this very order in A° modulo the Coxeter transforms 
in this set. 

Case (3b): (3) and ei - 62 ^ A°. Then 

{ ^ = ei + 63, mei, ^2 + £3, ei + £2, ei - £3, "^ea, 5 = €2 - €3 } C A°. 

Case (3bb): (3b) and me^ ^ A(^;). Then these 7 roots constitute A" 
and they appear in this very order in A° modulo the Coxeter transforms 
in this set. 

Proof. Theorem 2.1 gives that the intersection A° of X{w) with the 
root system i?" = is a A— set with respect to R^ = R^ H R+. Us- 
ing this fact, all claims are straightforward. For instance, all possible 
orderings of 7 roots from (3bb) are in one-to-one correspondence with 



(3.53) 
(3.54) 



(0) : {e2-e3,ei 
(2):{ei-e2,e2 



£2}, (1) : {e2 + £3,61 - ea}, 
£3}, (3) : {ei + 63,62 - €3}. 
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reduced decomposition of w = S2S3S2S1S2S3S2 in the Weyl group of type 
BC3 in the notation from [B]. The Coxeter transformations in A*^ are: 

[62 + 63, ei + £2, ei - £3] ^ [ei - ^3, ei + £2, €2 + €3], 
mei ^62 + 63, 61-63 ^ m62. 

Let us determine the set A° and its ordering in cases (3b,3bb) directly 
via Theorem 2.1; it is an instructional exercise. The condition 61 — 62 ^ 
X{w) results in the following: 



Using the condition 263 ^ \{w), 

(^2 + £3) = 5 + 263 =^ (62 + 63) is after 5, 

(ei - 63) + 263 = /5 ^ (61 - 63) is before 

Then the following relations fix completely the order of all 7 roots 
between 5 and (3 up to the Coxeter transformations in A°: 

262 = (^2 + £3) + 5 ^ 262 is after 5, since (62 + 63) is after a, 

26i = (61 — 63) + /? ^ 26i is before /3, since (61 — 63) is before p. 



Note that it is always possible to diminish the distance between 5, /? 
inside unless in case (3bb). One uses the Coxeter transforms of 
type B — C in cases (la) and (2a); the other cases are immediate. It 
is of course a particular case of the Main Theorem. The cases (0,1,2) 
can be described in complete detail (similar to (3)) but we do not need 
it in this paper. An analogous lemma exists for (iii); it is useful when 
dealing practically with the admissibility. 

3.2. Admissible triples. We will begin with certain reductions and 
the consideration of classical systems based on relatively straightfor- 
ward ways of diminishing £. We will call {5 + /9 = 7 G \{w)} satisfying 
(ii) or (iii) when applicable an admissible triple. This notion depends 
of course on choosing X{w), not on the triple itself. 




£2) + (e2 + €3) = P =^ (62 + 63) is before /?, 
62) + 262 = 7 ^ 262 is before 7, 
£3) = (ei - 62) + 5 =^ (61 - 63) is after 5, 
(61 — 62) + 7 =^ 26i is after 7. 



□ 
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The following Lemma simplifies dealing with the admissible triples 
of type (ii) (its counterpart for (iii) will not be discussed). 

Lemma 3.2. In case (3a), the triple {ei — 62, ei — €3, €2 — 63} is always 
admissible unless R is of type F^. 

Proof. Let us assume that 

61-62 = e'l + 63, €1-63 = e'l + 62, 62 - 63 = 62 - eg 

for 6^,62, €3 from {R'^)' satisfying (3bb). The root system R can be of 
type Bn or Cn- Let us consider Bn for the sake of definiteness; thus 
m = 1. We will use that any nonaffine long root of type B can be 
uniquely represented as a sums of two nonaffine short roots. The last 
relation gives that 

62 = [0, x] - 63, 63 = [0, x] - 62 for X G N, e'l = [0, -x] + 61. 

The inequality x > is necessary to make e2,e3 positive (note that it 
can be insufficient depending on the affine components of these roots). 
Then e^ — e2 = ei + es + [0, — 2x]; it is a positive root and does not 
belong to \{w) (due to (3bb)). However, [3 = 61 + 63 belongs to A and 
therefore all positive roots in the form (3 — [0, y\ for y G must also 
belong to \{w), a contradiction. □ 

Minimality conditions. One can suppose that 5 = is the first 
root, and j3 is the last in \[w). Note that if 7 = 5 + /5 is the second 
root (or the last but one) then Proposition 2.2, (iii) can be applied and 
we may exclude such triples from the consideration. 

Since 5 is assumed simple in i?^, i?^, we do not need the cases from 
(2.47), (2.49) when 5 = ei — e3. Also we do not need to consider 
possible inverting of all roots in (2.48). See Lemma 3.1 (where 5 was 
supposed simple). 

If there exists at least one simple aj 7^ in \{w), then we can 
make the first in \{w) and, therefore, reduce the distance between 
3 and (3 and proceed by induction unless aj = (3. In the latter case, 
the roots [3, 7, 5 will be transformed to /?, 7, 5 by a chain of Coxeter 
transformation. Then two of these roots become neighbors during this 
process somewhere; this case is governed by Proposition 2.2, (iii). 

Generally, the theorem for all w and all reduced decompositions is 
equivalent to the following claim. All reduced decompositions with the 
X—sets from a to 13 containing ^ = a + /3 such that this triple is 
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admissible (cannot be included in the 7,9-system from (ii,iii) if ap- 
plicable) have at least two first roots or at least two last roots . 

Comment. The theorem guarantees that the cardinahties of both 
sets, the first roots and last roots , will be greater than one, but con- 
sidering the first roots here are technically sufficient (if known for all 
reduced decompositions) to proceed by induction. Note that switching 
from w to and reversing the order of the corresponding reflections 
and roots gives that if the number of first roots is (always) greater than 
one then the same holds for the number of last roots . For instance, one 
can impose the condition \a\ > when/if convenient. □ 

Thus Oi can be assumed a unique first root in the sequences A(u}) for 
all reduced decompositions of w. This minimality constraint implies 
(but is not equivalent to) the following conditions for 5 = Oj: 

(1) ai belongs to any S G X{w), i.e., 5 — G Q+ = ©"^o^+'^j! 

(2) for every < j 7^ if 5 — G R+ then 6 — aj ^ \{w). 

Similarly, we can suppose that (3 is a. unique last root in X{w) for all 
possible reduced decompositions of (u; see Proposition 2.2, (ii). It is 
equivalent to the conditions: 

6 ^J3 + ^' as7G X{w) ^7', ^ ^S + ^' as7G X{w) 37'. 

When constructing the rank two segment L from the theorem by 
induction, we will also assume that there are no smaller admissible 
triples (3' + = 7' in A(u}) involving different from /5 + = 
7. Otherwise, either we can move from its first position, which is 
impossible (see above), or L is in the very beginning of X{w). In the 
latter case, the Coxeter transformation in L moves from its first 
position. 

Similarly, we will suppose that there are no smaller admissible triples 
/3 + 5' =7' in X{w) involving (3 different from /3 + = 7. 

3.3. Special cases. We will begin with some special cases when the 
theorem (and the corresponding algorithm for finding L— segments) are 
relatively simple. 

The case of ctj = cxq. The induction argument in this case requires 
only property (1) above. Let = = 1]; recall that i) is the 
longest short root, li 6 = [S,jiys] G X{w) as 5 > then 6 = [5,0] G 
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X{w), but the latter does not contain ao in its decomposition. Hence, 

6 G A(w;) are always in the form 6 = is for 6 > when i = 0. 
We set (3 = [-/3< 0, jz/^], so 7 = /5 + ao = - jz/^ + 1]. 

In the simply-laced case, (3 + ^ never belongs to i?+ due to the 
maximality of i}. 

If there are two different root lengths, then such 7 can exist but must 
be long due to the definition of 'd; therefore, P must be short since 
Ing ± Ing = Ing. Therefore, it gives that 5 + /5 = 7 is in the form 
sht+sht=lng; ; however, this case was excluded from the theorem (see 
(b)). It concludes the (induction step in the) case i = 0. 

Systems A, B, C under (a). Let /3, 5 = a^, 7 = + /3 and the 
minimality conditions above are imposed. Then a simple "numerical" 
argument proves claims (i,ii) under assumption (a) for the root systems 
A,B,C. It is an instructional example; it also simplifies the process 
of finding L in these cases. The general proof below will not use this 
approach (and will include these special cases). The admissibility con- 
ditions from (ii), (iii) are not applicable to these cases. 

The reasoning below works in some other cases, for instance, for (c). 
We will include the latter in the statement but omit the details. 

Lemma 3.3. Let us consider one of the following cases from (2.43) 
and (2.45): 

(3.55) (a) : A, B, C, G2', (c) : A2 — pure-short roots for G2- 

Then (2.48) is not applicable and one can always find the rank two 
segment L from the theorem with u =id. 

Proof. We may assume that i > and > \f3\. Thus is long 
and /3 is short for B,C,F,G in case (a). We may also assume that 

7 = /3 + is a unique admissible triple in \{w) involving ai as the 
beginning and that it is unique with j3 as the end. 

The proof is mainly based on the minimality assumption that all 
roots 6 G \{w) must contain ai, i.e., the coefficients of the decomposi- 
tion of 5 — ttj in terms of simple roots aj (j > 0) are all non-negative. 
In case (6), it is also necessary to check that (2.48) always holds under 
(3.55); it is not difficult. 

There are two possible subcases concerning /3. 
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Subcase /3 = [ — /? < 0, jup > 0]. Then 7 = [— 7, j i^^] = — /3, j z/^] 
for 7 = /5 — G Indeed, (3 and 7 are of the same length because 
either «j is long or aj, /9, 7 form a root system of type A2. The positivity 
of 7 gives that /9 — G -R+. 

Using that 7 = /5 + is assumed to be a unique such triple in 
A(w) involving aj, we obtain that /? = [— /5, 1^/3] for /3 > 0. I.e., one 
can assume that j = I. The latter assumption and the positivity of P 
implies that the multiplicity of = [— "(9, 1] in j3 is one for short /5 and 
two if it is long. 

If /? is short, then d — (3 must contain (in the decomposition in 
terms of {ai, . . . , If (3 is long, then 2'd — (3 must contain a^. 

Combining it with /3 — G R+, we conclude that the multiplicity of 
Oi in i} or 2?? correspondingly must be at least 2. This is impossible. 
Thus one can diminish the £— length and proceed by induction in the 
cases under consideration. 

Subcase /3 = [/3 > , jV/? > 0]. Using the minimality, we can 
assume that j = and (3 = (3. Recall that is contained in /5 G -R+ 
and 7 = 7 = + /5. In case (a), is long, [3 is short, and 7 is short. 
Then the coefficient of aj in 7 can not be greater than 1. Therefore we 
can diminish the £— length between a and (3 and proceed by induction. 

Note that formally this argument can be used in the cases 

-B(sht + sht) or C7(lng + Ing), 

that where excluded from the theorem since such combinations do not 
lead to ^42— triples. □ 

Comment, (i) In the cases A, 5, C, D, one can use the plane inter- 
pretation of the reduced decompositions from [C2]; it exists for G2 too. 
For instance, it is geometrically obvious that the roots 

5 = 62 - ea, (3 = ei + e-i, 7 = 5 + /3 = ei + 62, 

from (2.48) cannot be collected together. Algebraically, the 7— set there 
corresponds to the reduced nonaffine decomposition w = S2S3S2S1S2S3S2, 
where si transposes ei and 62, S2 is the transposition €2 ^ 63, and S3 is 
the reflection 1— —63. It is analogous for the 9— root set of type D4 
from (2.51). 

(ii) Geometrically, one plots 3 lines in the half-plane {{x,y) G M^, y > 
0} subject to the reflection in the The intersection and reflec- 

tion points give a reduced decomposition of w; the corresponding angles 
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constitute X{w) (the reflection angle must be multiplied by 2 as m = 2). 
Here is interpreted as the (initial, before the reflection) angle of line 
i. They are counted with respect to the intersection points with x = b 
from the highest y down to the x— axis for sufficiently large b and then 
the intersection and reflection points are examined a.s a < x < b, pro- 
vided that their ultimate transformation from x = b to x = a is w. 

(iii) For w from (i), the first two lines have "almost" coinciding 
nonzero angles 61,62', £3 is "almost" zero and intersects the first two 
before and after the reflection points. Generally, one takes n lines for 
Bn, Cn and take w for (n — l) "almost" parallel non-horizontal lines and 
one horizontal line. Then the first and the last angles (and their sum) 
form a non- admissible triple; the £— distance between them cannot be 
diminished by Coxeter transformations, which is obvious geometrically. 
The theorem claims that this example is, in a sense, the only obstacle 
for collecting triples in rank two segments. It is analogous for D„. 

(iv) The affine variant of this interpretation requires a portion of 
trapped between two reflection lines; it covers the root system C^C 
including affine B,C,D. The affine system is described by n + 1 
lines on a cylinder (with the periodic |/— coordinate) . This interpreta- 
tion is helpful, but the algebraic approach is important even for the 
classical root systems; the above simple proof for A,B,C under (a) is 
a clear demonstration. Note that considering triples (there are many 
similar situations) is the key for the technique of intertwiners. □ 

3.4. Uniform construction. Let /3, 5 = Oj, 7 = + /3 is an admissi- 
ble triple; one of the conditions (a), (6), (c) must hold. We impose the 
minimality conditions (1) and (2) above, assuming that (0 < i < n) 
is a unique simple root in \{w) 

We will also assume later that neither a nor (5 belong to smaller 
admissible triples. The condition > \[3\ will be imposed (unless 
stated otherwise); it can be always provided using the inversion w t— > 
if necessary. It results in Si{(3) = 7, 5^(7) = (3. 

We will examine the second root in \{w) that is Si{aj) = aj + fxai 
ioT w = ■ ■ ■ SjSi as < j i and G N (if /i = then aj G A('u;)). 
Note that fi > 1 only in the non-simply-laced case and if and only if 
is short and aj is long. Then f3 has to be short, due to > \(3\, 
that implies in its turn that 7 is short. 
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Let 5' = Sj{ai) = + fj,' aj, where fi' > 1 occurs only if aj and 
have different lengths and > \aj\. 

Note that fifi' = rriij = 1,2,3, where rriij is the number of laces 
between at and aj in the affine Dynkin diagram, and at least one of 
/i, /i' equals 1, namely, /i = 1 if \ai\ > \aj\, /i' = 1 if \aj\ > \ai\; 
/i = 1 = /i' if \ai\ = \aj\. 

One has j3' = Sj{l3) = [3 + paj, where —fi' < p < fi' . If = \ai\ 
then p = —fi' , 0, yu' ; if < then \P\ < \aj\ and p = —1, 0, 1. 

If p > 0, then 7' = 5^(7) = 7+ {n' + p)aj. If \/3\ = \ai\, then 
I7I = \ai\ and (/x' +p) must be no greater than 1 (as for Oj), which is 
impossible. If these lengths are different, then 7 has to be short since 
sht+lng is sht and {fi' +p) >1] this is impossible too. 

Lemma 3.4. Let rriij = 1? which implies fi = 1 = fi' . Then a' = 
Oi + aj G A(u}) and j3' = Sj{l3) = (3 + puj for p < 0. In this case, the 
triple {/3',7' = a' + /5',5'} belongs to \{w). Moreover, the triple 
{P' = a' +f]' ,a' } is adrnissible if {f3,''y = a+(3,a} is admissible. 

Proof. Using fi = 1 = fi' , a' = Si{aj) G \{{u). Since p < (see 

above) and aj ^ \{w), P' = [3+paj and [3' has to be in \{w) (property 
(2) from the minimality conditions). Therefore 7' belongs to this set 
too. _ 

Let us suppose that the triple a' + (3' = 7 ' can be extended to the 
set of 7 roots in the segment [/3',5'] of type (2.48) as 5' = 62 — €3, 

P = ^1 + 7 = ei + 62- 

The set of roots = {me'j,e'j ± e'j,i < j} is positive in R (by 

construction). Since a' is simple in (-R^)+, the root aj does not belong 
to (-R^)+; indeed, a = a'— aj>0 in R and therefore in R^. Therefore 
the image of (-R^)+ under Sj is positive in R: 

-R+ = {mei, ei ± ej, i < j} <Z R+ for = Sj(e'fc), /c = 1, 2, 3. 
The roots 

5 = 62 - eg, /5 = ei + eg, 7 = ei + €2 
belong to R\ by construction; Lemma 3.1 describes all possibilities. 
Using Lemma 3.2 (and its counterpart for Z)„ and C„>4 with i?^ sub- 
systems) we can conclude the proof for the classical systems. The case 
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of F4 requires a special consideration. Without using this lemma we 

can proceed as follows. 

We combine (R^)' and in a root subsystem <Z Roi type -B4 or 
C4, defined as an intersection of R with the Q— span of R^ and aj. The 
latter root does not belong to R^ or {R^)' and is simple in R'^. The 
root ttj, the set of roots 

(3.56) {P, P' = P + pc^j,^,^' ,5' = + ttj, 5 = Oj} C \{w), 

and also the images of the remaining 4 roots from the 7— set in (R^)' 
belong to i?^. Generally, the latter system can be an affine extension of 
R^ with aj being the affine simple root, but this case can be excluded 
from the consideration. ^ 

Then we prove the lemma for i?^, i.e., deduce that {/?',7',3'} is 
admissible from the admissibility of {/5,7, 5}. Here we intersect \{w) 
with R^] the intersection is a A— set in the latter. This method remains 
essentially the same in the simply-laced case (and for C„>4), but the 
new subsystem will be R^ of type instead of i?^. 

The logic of this approach becomes more transparent if one first 
proves the Main Theorem for the nonaffine root systems of type -84,6*4 
and D^. Then the initial admissible triple 7, 5} can be collected 
in a rank two L— segment in R^ (or R^). However, aj ^ A(m;) and the 
order of roots in (3.56) must remain the same if the order of 7, 5} 
is unchanged upon the Coxeter transforms. Therefore, in process of 
collecting 7, 5} in a L— segment of rank two in i?^ (or i?^), we will 
automatically make ,7' , 5' } collected together (in a L— segment). 
This gives the admissibility of{/3',7',5'}. We will omit proving Main 
Theorem 2.4 in the non-affine cases -84,(74,1^5, and the details of the 
consideration of -F4. □ 

3.5. The case rriij > 1. We will first consider the case when Sj acts 
trivially on /5. 

Case p = 0. Then P = P' and and 7 must be of the same 
length for short aj due to 5^(7 — «») = and (7, aj) = (««, aj). Recall 
that Si{6), Sj{6), SiSj{6) are positive for any 6 G \{w) after Sj, i.e., for 
all roots excluding the first two roots, and aj + /iOj. Note that the 
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positivity of Si{6) and Sj{6) readily follows from the fact that ai 6 ^ 

If rriij = 1 then 7' , a' } is admissible due to Lemma 3.4 and we 
can change the position of P in the segment [/3,5] C \{w), which is 
impossible due to the minimality conditions. Similarly, we can assume 
that ttj and 7 are the same length for any aj; otherwise the admissibility 
is automatic for unequal lengths (see case (a)). Thus, it suffices to 
consider only the case niij > 1, where R can be of types B, C, F4, 6*2- 

If rriij > 1 for these root systems, then the roots 

= P = ei — 62, c? = OLi = €2 — £3, o? = aj = mea 

are simple roots in which is defined as the intersection of R with the 
Z— span of ai, 0^,7 with the positivity with respect to R^ = i?+ fl R^. 
It is a finite root system of rank 3 unless in the G2 case (we leave this 
case to the reader). The set X{w) does not contain mea and therefore 
must contain me2. It is the case (2a) of Lemma 3.1, the second root is 
me2- One can inverse the order in the subset {ei — 62, mei, ei + 62, '^£2} 
in X{w) using the induction statement in case (a) of the theorem (here 
there is no problem with (2.48)). 

After moving me2 from its first position inside the segment [ei — 
e2,me2] G \{w), the root ei — automatically becomes the second in 
X{w) (right after ai = €2 — 63). Then part (in) of Proposition 2.2 guar- 
antees that we can make the triple {ei — €2, ei — €3, €2 — 63} a connected 
sequence in X{w) for a proper reduced decomposition of w. Then we 
can move ai from its first position. However the latter contradicts to 
the minimality conditions and therefore concludes the consideration of 
the case p = 0. 

Comment. The consideration of p = 0, rriij > 1 for 5,(7, G*2 can 
be concluded following the special cases A,B,C under (a) considered 
above. The roots a^ = j3,a'^ = ai, a^ = aj are simple roots of R^, the 
intersection of R with the Z— span of ai,aj,^ with respect to R^ = 
n R^. It is a finite root system of rank 3 unless in the G2 case (we 
leave this case to the reader). The intersection X{w) fl i? is a A— set 
in . For the sake of simplicity, let the triple and aj be nonaffine. 
Then 7 — 2ai > and SiSj(7) = 7 + {rriij — !)«« + /i' must contain 
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{niij + l)ai, which is impossible. Similar approach can be applied to 
F4. □ 

Thus, the case p < is sufficient to consider. 

To simplify the exposition we exclude the case {/i' > 1, p = —1}. 
It can be done since \aj\ < \ai\ in this case,, i.e., aj is short. Therefore 
= \aj\ due to P' = Sj{[3) = [3 + paj = j3 + 0;^. This gives < \ai\. 
With this inequality, no admissibility condition is needed and the proof 
of the theorem is straightforward. 

Thus, it suffices to assume that \j3\ = \ai\ and p = —fi' . We have: 
a' = Sj{ai) = ai + fi' aj, f3' = Sj{(3) = f] - fi' aj, Sj(j) =^ 

in this case. Since /5' is a positive root, it must belong to X{w) (the 
minimality property (2) above). 

The element 5' is a sum of positive roots and therefore belongs to 
-R+. However, generally, it can be apart from X[w). The following 
lemma addresses this possibility. 

Lemma 3.5. We assume that ai,'^, (5 are of equal lengths and con- 
stitute an admissible triple in \{w). The minimality conditions are 
imposed, in particular, at is a unique simple root in X{w); recall that 
ai and Si{aj) = aj + /iOj are the first and the second root in this set. 
The claim is that a' = Sj{ai) = ai + fi' aj belongs to X{w). 

Proof. The inclusion a' G X{w) can be wrong only when fi fi' , 
i.e., as rriij > 1 (for i?, C, -F4, ^2). Also, either aj must be long and 
ai, P,^ short, or it can be the other way round, with short aj and long 
7. The latter variant is impossible for G2, and both variants are 
completely analogous for B^C^F^. We will consider here only the first 
one, assuming that 

/i' = 1 = —p, /i > 1, a' = ftj + ttj, la^l > \ai\ = = |7|. 

Since l{w) = l{wSiSj) + l{sjSi), the following element must be a 
positive root in R: 

SiSj{f3) = Si{(3 - aj) = (/5 + ai) - {aj + /iOj) = (3' - (/i - 

Therefore /3" = /? — («« + aj) is a positive root too; also (/5", aj) = 0. 

Setting a^ = j3", cP' = ai, a^ = aj, let i?" be a root system Z— 
generated by these roots in R. Then they are simple roots in i?*]^ = 
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n The system is of type C3 as /i = 2. In the case of 

G2 (/i = 3), one also has that {/3",ai) = 0. It implies that /5" can 
not be a (real) root. Therefore /i = 3 can be excluded from further 
considerations; we will assume that /i = 2. 

Since X{w) 3 J3 = + (a^ + aj), then J3" = ]]' - ai e X{w) if 
ctj + aj ^ X{w) (i.e., if the claim of the lemma does not hold). Then 
we proceed as follows. Setting 

= P" = P — ai — aj = ei — €2, = ai = — €3, = aj = 2e3, 

the intersection X{w) fl is a A— sequence in , and it is not dif- 
ficult to check that it consists of the following roots in the order of 
appearance: 

(3.57)^ 

{p = ei + e-i, p-ai-aj = ei- 62, 2p - aj = 2ei, 7 = ei + eg, 
P - aj = ei - €3, aj + 2ai = 2e2, = e2 - €3 }. 

One can also use claim (ii) of the theorem for R^ instead of R here. 
It gives that ai, P can be transformed to a rank two segment L° of 
type A2 inside A(w) fl . Indeed, P" is simple in and one can 
make it the first root in this sequence instead of Oj. The set (3.57) is 
from case (2a) of Lemma 3.1 and we can use Lemma 3.2 to come to a 
contradiction with the minimality conditions. 

We obtained that Sj{ai) = + aj e X{w) for long aj and short 
aj,/5,7; the case of short aj and long 7 is analogous. □ 

3.6. Concluding the induction. Thus, the case fi = fi' = 1 is suffi- 
cient for obtaining a transformation to the rank two L from (i) or (ii,iii) 
containing 7. In this case, the admissible triples constructed 

above for 7 with the beginning at + aj and end ai P — aj lead 
to finding a simple root in X{iu) different from a^. Let us demonstrate 
it. 

We will omit the case of An for the sake of uniformity; the theorem 
has been already checked for this root system. Then the affine Dynkin 
diagram F is a tree. 

Thus, /i = yu' =1 and + aj is the second root after at in X{w). 
Using the admissible triple constructed above, the induction hypothesis 
makes it possible to move + aj from its second position in X{w) {ai 
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remains untouched). Therefore a simple Sk 7^ sj with ak of the same 
length as must exist such that it can be made the second after Sj 
upon a suitable transformation of the initial reduced decomposition of 
w (without touching Sj). Such must be connected with ctj by a link 
in r and therefore must be orthogonal to aj ; so SjSk = SkSj. 

We conclude that all first roots in X{w') for w' = {vsi are pairwise 
orthogonal and there exists a reduced decomposition of w in the form 
w = ■ ■ ■ SkSjSi = ■ ■ ■ SjSkSi. Note that the corresponding A— set contains 
the following roots: 

here we can transpose + a^, + aj and the order of appearance of 
P — aj, P — ak can be different. 

Let us exclude for a while the cases D, E, B (when F is not a seg- 
ment). Then the number of first roots in \{w'), is exactly 2, namely, 
they are aj and ak- 

The A— set of w" = wSiSk contains an admissible triple that begins 
with aj ; explicitly, it is 

{skSi{P-aj) = Sk{(3-aj) = /3-aj-ak, SkSi{^) = (3-ak, . . • ,aj}. 

Therefore it must have at least one first root ai ^ aj. If = |a;j| 
then this root cannot be Oj, since otherwise SiSkSi = SkSiSk and it 
would make ak another first root of w. So it must be connected by a 
link with ak in F. Indeed, otherwise it would be the third first root 
in X{w'), which is impossible. This means that it cannot be connected 
with ttj (F is a tree) and we have again the orthogonality of all first 
roots in \{w"). The connection picture is ai < — > ak < — > < — > aj. 

We continue this process for w'" = {uSiSkSf, the reflection Sj can be 
made again the beginning of its reduced decomposition, respectively, aj 
can be assumed to be the first in A('«;'"). The latter sequence contains 
the triple with aj as its first endpoint; this triple is the image of {j3 — 
aj,^,ai + aj} under s^s^Sj. Once again, another first root a^n 7^ Oj 
must exist for w'". Continuing to assume that \ai\ = \ai\, it cannot be 
ai (otherwise we could move Si through si and use the Coxeter relation 
for SiSkSi) and it must be connected with ai or with ak. Hence, am 
cannot be connected with aj, so it is orthogonal to aj. We can represent 
w'" = ■ ■ ■ SjSm and then continue with w"" = w"'sm- 
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Eventually, we come to an element wSiSkSiSm ■ ■ ■ of length 3 and 
with the A— set that is a pure triple with aj as the beginning. However 
such a set does not have pairwise orthogonal first roots . This contra- 
diction proves the existence of the rank two L from (i,ii) of the theorem 
(provided the admissibility). 

Recall, that it was proven for F that is a segment and under the 
assumption that we can always find the roots ai,am, ... of the same 
length as that for (and in the non-simply-laced case). 

If a root in the latter sequence of first roots has the length different 
from I Oil (it can be only an endpoint of F unless in the F4— case), then 
we use k instead of j and add a simple root a/' connected with aj; then 
am' is connected with and so on. All their lengths will be coinciding 
with \ai\ when moving in this direction (there is only one double link 
in f). 

A similar reasoning can be applied in the simply-laced case when F is 
not a segment (then one can, generally, proceed using three directions). 

To complete the proof of the theorem we need to check that if a 
is before /3 in \{w) and this set contains exactly the 7 roots listed in 
(2.48) upon the intersection with the Z— span of these seven roots, then 

1) all these 7 roots belong to the segment [/9,5], 

2) their appearance in [/3,5] is as in (2.48). 

The latter holds modulo the Coxeter transformations inside this set. 
It readily results from Lemma 3.1, case (3). The analogous claim for 
(2.51) is equally simple. □ 

The following corollary, a variant of Lemma 1.2, demonstrates how 
the theorem can be used in an important particular case of reflections. 

Corollary 3.6. Given 7 = [7, z^^j] G R+, let a G \{s^) and = 1^7. 
Then (3 = —s^yia) =7 — 5 belongs to A(s;^) due to (1.20). 

(i) Given a reduced decomposition ofs^, the triple 7, 5} for simple 
a can be made consecutive in A(s^) if and only 2/7 7^ 6*' in any root 
subsystem R' G R of type B^,C^ or D4 containing this triple. Here 9' 
is the maximal positive root in R'^ = R' (1 R+ unless for C3; in the 
latter case 9 ' is the maximal short positive root. 

(a) Assuming that a satisfies (i), let a' G \{s^) be a root between 
a and 7 such that (5, 5' ) =0 (see Lemma 1.2). Then a pair {5' , 5} 
can be made consecutive before 7 using rank two Goxeter transforms 
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in X{sj). These transforms are either in the form SiSjSi sjSiSj with 
the midpoints corresponding to^' = [7, i^^j'] G )^{s^) or in the form 
SiSj I— > SjSi otherwise. 

(Hi) Continuing, X{s7y) can be transformed to a sequence with a as 
the beginning and such that the only roots before 7 non- orthogonal to a 
in X{s^) are 7' from (ii) for j ' < j and also j3' = —s^'{a) = 7' — 5 G 
A(s^). 

Proof. For reflections s^, the non-admissibility is exactly as in (i). 
Indeed, we do not need to check that 5 is a unique simple root from 
R'_^ = R' n i?+ in X{s^) n R', since all simple roots in R' but a are 
orthogonal to such 7 . For instance, the roots ei — 62 and me^ are 
orthogonal to 7 = ei + €2 and therefore cannot belong to X{s7y) in the 
case of (2.48). Then claims (i,ii,iii) follow from the Main Theorem and 
Lemma 1.2). In (iii), we move 5 to the position next to 7; all roots it 
"passes" have to be orthogonal to a unless they are in the form 7', . 
Then we can move 5 back to its first position. □ 

4. Right Bruhat ordering 

We will define the Bruhat ordering on W for the system R relative 
to its root subsystem. The notations are from the previous sections 
with a reservation about 

4.1. Basic properties. By a root subsystem R^, we will mean the 
intersection of R with a Z— lattice, namely, 

it is obviously a reduced root system in its own right. This meaning 
of R^ will be fixed till the end of the paper. According to [B] , is a 
subsystem if and only if it is symmetric (— i?° = -R°) and closed, i.e., 

a + peR^a + peR^ for 5, G 

For instance, all long roots always form a subsystem. We refer to [B] 
for the description of the maximal (proper) subsystems in the nonaffine 
case. 

A subsystem may be reducible, then it is a direct sum of pairwise 
orthogonal irreducible reduced root systems. Almost all definitions and 
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constructions for irreducible systems can be extended to the reducible 
case; we use them for reducible systems without comments. 

Note that not all root systems that belong to R are root subsystems 
in the above sense. For instance, in the notation from [B], the set Bf^^ 
of short roots in B2, 

Bf"^ = ±{ai + a2, 02} C ±{ai, ai + 02, ai + 2^2, 02}, 

does not correspond to any A". Indeed, otherwise it would contain ai, 
that is long. 

The subset b!^^ = ±{ai,ai + 20:2} of long roots in B2 is the in- 
tersection of B2 with the lattice A° = {v G Q, {v,ai) G 4Z}; the 
normalization is as above: {a, a) = 2 for short a. 

It is also a simplest example of a root subsystem that is not an in- 
tersection of B2 with any linear Q— subspace in the Q— span of Q. Note 
that is an intersection of R with a Q— linear subspace in Q*^"*"^ if and 
only if A' = g/AO has no torsion. 

The affine variant of this example is the set B^^^ of affine long roots 
in [B2, Z]; it is a root subsystem; associated with A" = [A°, 2Z]. 

Thus, our root subsystems are closed with respect to the integral 
linear combinations whenever the results are roots, but Q— linear com- 
binations are not allowed here; this class is between a wider class of all 
subsets that are root systems in their own right and a narrower class 
of the intersections with linear Q—subspaces. 

Relations between R and R^. We are going to supply R^ with the 
induced systems of positive and simple roots and establish connections 
of the A— sets for the corresponding Weyl groups. 

The subset of positive roots of is defined as = fl i?"; its 
minimal elements form simple roots {a^} in R^ and Z— generate the 
corresponding root lattice Q^. Note that the intersection fl is 
generally greater than defined as the Z.,.— span of the simple roots 

in i?*}_; an example is R^ = B^^^. The coincidence holds, for instance, 
if every contains a certain aj > for < j ' < n in its decomposition 
such that distinct j have distinct j ' . 

An important property of root subsystems is the compatibility with 
taking the A— sets of the elements from defined for and those 
for the main root system R. It is based on the fact that intersections 
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of A— sets in R with are A— sets with respect to R^ = R^ f] R+ and 
the corresponding simple roots in R^. See Theorem 2.1. 

Proposition 4.1. Let R^ be a root subsystem of R with a natural 
induced subset R^ = i?+ fl R^ of positive roots and the corresponding 
set of simple roots in R^, the Weyl group of R^ generated by the 
reflections for a E R^ (the simple reflection are sufficient), A°(u) 
the X—sets defined within R^ for u G . 

Given w G W , there exists a unique element w\o G such that 
A°(w|o) = X{w) n Here the ordering of the roots is induced from 
that in \{w). Explicitly, setting g = \\{w) fl -R°|, 

(4.58) w\o = sP'--- where X{w) n ^° = {5^% . . . , a*'^}, s^' = s^p, 
w\o = ■■■ {sP'sP^sP'sP^s^') {gP'sP^sP') {sP') IS reduced m W\ 

where the elements in {■) are simple reflections in . 

Proof. The conditions {a,b,c,d) from Theorem 2.1 are compatible 
with the intersections with R^. Concerning (c, d), we use the following: 
if the difference of two roots from R^ is a root in R, then it belongs to 
R°. As for (4.58), formula (1.21) is applied. □ 

Let i?*^ C -R be a root subsystem of R. Given w G W and its reduced 
decomposition w = iTrSti ■ ■ ■ Si-, the right Bruhat set B'^{w) C W 
with respect to R^ is formed by the products w' obtained from the 
decomposition of w by striking out any number of simple right singular 
reflections Si^ satisfying by definition 5^ G i?" in the notation = 
■Sji ■ ■ ■ Sjp_-^(ap) from the previous section (used in Proposition 4.1). 

If the number of removed singular reflections is nonzero then the 
notation will be B'^{w); thus B^{w) = B^{w) U w. 

Comment. The left Bruhat ordering with respect to R^ is the w ^ 
image of the right Bruhat ordering. Explicitly, it is defined by 
erasing (some of) Sj^ satisfying the conditions nrSi^ ■ ■ ■ Si^^^^^ap) G R^ 
for reduced w = Tfr^ii ■ ■ • Sii- Such simple reflections can be called left 
singular. 

The left ordering is different from the right Bruhat ordering unless R^ 
is ly— invariant. They obviously coincide for the usual Bruhat ordering 
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on W, when = R. The example of the root subsystem i?2°^ con- 
sidered above satisfies the H^— invariance condition and demonstrates 
that the coincidence of the right and left Bruhat orderings may occur 
for some non-trivial R^. Obviously, VT— invariant nonzero R^ must be 
of maximal rank due to the irreducibility of the action of W in M""*"^. 
It is not difficult to describe all such cases, but we do not need it here. 

Only the right Bruhat ordering will be used in this paper; the word 
"right" will be mainly omitted. □ 

4.2. Using Coxeter transforms. The next theorem shows that the 
properties of the right Bruhat ordering are similar to those of the usual 
one, with a reservation that it is not invariant with respect to the 
inversion w ^ w~^. 

Recall that the group generated by all S5 for 5 G -R° is denoted by 
W^. We put 

(4.59) w >o w if w E B'^{w), respectively, 

id >o w' if w' E B'^{w), i.e., if w' 7^ w. 



Theorem 4.2. Given a root subsystem R^ G R and a reduced decom- 
position W = TlrSi^ ■ ■ ■ Sj^ of w E W , 

(a) B^{w) does not depend on the choice of the reduced decomposition 
ofw; ^ 

(b) B^{w') C B^{w) if w' E B^{w), i.e., if the ordering >q is tran- 
sitive; 

(c) B^{w') C B^{wSap), where Si^ is the first (on the right) in the set 
of singular reflections deleted when constructing w' E B^{w); 

(d) r\wiB^{w') = {10°}, where w° is obtained from w by crossing out 
all singular Si^ ; 

(e) w° is a unique element of minimal length in the coset wW^ for 
W^o = (S5 I 5 e R^); 

(f) if l{sjw) < l{w) for < j < n and also w'^laj) E -R", then 
SjW E B'^iw). 

Proof. Setting = SaP, the element w' E B{w) obtained by striking 
out g > simple refiections Si^ for the indices p from the sequence 
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{pg >,...,> pi} equals w' = ws'^o ■ ■ ■ s^^ . This representation of w' 
will be used constantly. 

We will extend the definition of B^{w) to possibly non-reduced, de- 
compositions of w. The notation B^{w) will be used; in this definition 
the initial decomposition of w must he given; this set may depend on 
its choice. The decompositions, of w' , possible non-reduced, that are 
obtained from a given decomposition of w by striking out (some of) 
the corresponding singular simple refiections will be called standard] 
the elements from B^{w) will be considered with the corresponding 
standard decompositions (unless stated otherwise). We will generally 
distinguish the elements from E^{w) with coinciding w' if their standard 
decompositions are different. 

If the decomposition of w is fixed, then given a standard decompo- 
sition of w' G its \— sequence, defined by formula (1.16), is 

(4.60) \{w') = {{s^^ ■ ■ ■ 5^0(5'), . . . , {s^^ ■ ■ ■ s^"^)(5'^), . . . , 5^ = 

where ph is the last p— index such that Sj^ is removed before Sj^. To be 
more exact, let q run through the set of all indices {/,..., 1} apart from 
the p— sequence, then ph for h = h{q) in (4.60) is the greatest index p 
smaller than q. 

We see that an arbitrary j3 £ A({D') is naturally represented in the 
form (3 = s^^ ■ ■ ■ s^'^ {a'^) . Moreover, /3 belongs to if and only if 
a'^ G -R°; a'^ is defined for the initial decomposition of w. Indeed, the 
reflections and their products preserve i?" for all p G {pg, ■ ■ ■ ,pi} 
by construction. 

We see that, given an initial decomposition of w, iterations (compo- 
sitions) of the deleting procedure in the class of standard decomposi- 
tions do not give anything new; deleting singular simple reflections in 
the standard decompositions (non- necessarily reduced) of w' G B'^{w) 
leads to w" (with the resulting standard decompositions) from the same 
set B°{w). 

Such transitivity is based on the fact that singular simple reflections 
remain singular in the corresponding w' due to (4.60). 

The following lemma extends (a) from Theorem 4.2 to the class of 
non-reduced decompositions. 
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Lemma 4.3. Homogeneous Coxeter transforms of a given, possibly 
non-reduced, decomposition of w do not change the set B^{w) consid- 
ered simply as a set of elements in W (i.e., without the corresponding 
standard decompositions) . 

Proof. From the view point of the sequence X{w) from (1.16), given a 
Coxeter transform, the corresponding consecutive roots constitute 
all positive roots of a root system of rank two; this transform will 
permute them changing their order in X{w) to the inverse one. 

The set i3°('u;) obvious remains unchanged if no singular 5^ (g R^) 
are involved in this permutation. Otherwise, the following configura- 
tions of simple singular reflections may occur. 

First, only one singular 5^ can be involved. We examine remov- 
ing the corresponding simple singular reflection before and after the 
Coxeter transformation of type Ai x Ai, A2,B2, or G2. 

In the yl2— case, the singular element can be SjSj+iSj, SjSj+iSj, or 
SiSi+iSi] it is underlined. The transformation SjSj+iSj ^—>- Sj+iSjSj+i in 
w becomes respectively 

SiSi+i SiSi+i, Si+iSj Si+iSi, or s'^ s^^^. 

This is "inside" SjSj+iSi in the decomposition of w. Obviously the 
corresponding three w' remain unchanged. The other rank two cases 
are equally simple. 

Second, at least two singular simple reflections can be involved in the 
transformation. In the case of the Coxeter relation of type A2, all sim- 
ple reflections have to be singular since i?" is stable under addition and 
subtraction. Therefore the right Bruhat sets for SjSj+iSj and Sj+iSjSj+i 
are the usual Bruhat sets (the whole S3 generated by Sj, Sj+i inside the 
decomposition of w) and obviously coincide. 

Similarly, the reference to the standard Bruhat ordering is sufficient 
in the remaining rank two cases, Ai x Ai, B2 or G2 provided that all 
involved a are from R^. 

Third, for B2, the configuration SjSj+iSjSj+i with exactly two singular 

reflections may occur; cf. the example of -82^^^ considered above. It 
becomes Sj+iSjSj+iSj upon the transformation 

The elements (0, 1 or 2 of them) are allowed to be removed from the 
product SjSj+iSiSj+i and its inverse. The corresponding right Bruhat 
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sets (inside w) obviously coincide: 



{■SiSj+iSjSj+i, SiS^_^i, id}. 



Here Sj+i may be underlined instead of sf, it is completely analogous. 

We can always treat the deleting procedure as right multiplication 
by proper reflections; then the corresponding elements w' are 



where 5, (3 are orthogonal to each other. The compatibility with the 
i?2— transformation simply means that this 4— set remains unchanged 
if S5 and are transposed, which is obvious because these reflection 

commute due to the orthogonality of 5, p. The same argument works 
for G2 as exactly two simple reflections are singular. 

The last, the fourth, case is G2 with three singular reflections. They 
come from the subsets of long or short roots in the G2~system. 
It suffices to check that deleting 0, 1, 2 or all three reflections in the 
products and, respectively, in its inverse s^Sg^^sg result in 

coinciding sets, provided that 5 + /5 is a root. It formally follows from 
the y42— consideration. 

Directly, in terms of the simple reflections, we have either 



or the same products where S2 is underlined instead of Si. Actually, the 
latter corresponds to a subset of all short roots in G2 and Z— generates 
the whole system; so it is not a root subsystem in our sense and this 
case can be omitted. The underlined reflections (0, 1, 2 or all of them) 
are allowed to be removed from the products; the right Bruhat sets 
coincide. 

Similarly, the conflguration for G2 with two simple singular reflec- 
tions (the third case) is 

S1S2S1S2S1S2 or S1S2S1S2S1S2. 

It leads to another, direct, justiflcation of the coincidence for such 
conflguration. □ 

Lemma 4.3 obviously implies (a). Let us demonstrate that the tran- 
sitivity from (6) is a straightforward corollary of this lemma too. 

Generally, an arbitrary reduced decompositions of (u' G B^{w) can 
be obtained from a standard decomposition, maybe non-reduced, of 



{w, WSa, WSt^, WS5S 




S1S2S1S2S1S2 ^ S2S1S2S1S2S1 
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w' using homogeneous Coxeter transformations, removing the squares 
sf, if any, then applying homogeneous Coxeter transformations again, 
removing sj (if occur) and so on. 

Respectively, the sequence \{w') will be obtained from X{w') by in- 
verting the order of roots in subsequences of type Ai x Ai, A2, B2 or 
6*2, respectively with 2,3,4,6 neighboring roots, and also by deleting 
neighboring pairs {5, —5} C A («;'), if any. Such deleting may diminish 

B^{w') if Si is singular; the former procedure does not change this set 
as has been already checked. 

Thus B°{w') C B°{w') C B°{w), which gives (b). Claim (c) re- 
sults from (b) by induction with respect to the length / = l{w). In- 
deed, if is removed when constructing w', then w' G B^^HrSi^ ■ ■ ■ SjJ 
because the decomposition UrS^ ■ ■ ■ Si^ remains reduced. Otherwise, 
w' G B^ijirSii ■ ■ ■ Si^)si^. In any case, we can proceed by induction. 

Justification of {d) is similar to that of (6). First, deleting all sin- 
gular simple reflections from a standard decomposition, possibly non- 
reduced, of an arbitrary w' G B^{w) results in the same element w°\ 
recall that the latter is obtained from the initial reduced decomposition 
of w by deleting all singular simple reflections at once. Second, the con- 
struction of w° is compatible with the homogeneous Coxeter relations, 
which can be checked following Lemma 4.3. Third, this construction is 
compatible with removing the squares s^ from the decompositions. It 
proves {d). 

The characterization of w° from (e) is verified as follows. The set 
\{w°) contains no roots from because so does the set X{w°) con- 
structed for a standard decomposition. Let us check that this is a 
defining property of w° . 

Lemma 4.4. There exists a unique element w* in the coset wW^ such 
that X{w*) n i?" = 0; it has minimal possible length in this coset and 
w* = w°. 

Proof. If there are two such elements w°,w*, then w* = w°u for 
u G . One has \{w*) C u~^{\{w°)) U \{u) and the former set is 
obtained from the latter by removing the pairs —5, 5. If u T^id, then 
A(n) contains at least one a E R^. Such 5 must disappear in A («}*), 
which is possible only if u~^{X{w°)) contains —a. However, u belongs 

to and u~^{X{w°)) fl = 0; we come to a contradiction. 
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Elements w' of minimal length in cannot have 5 G i?*^ in their 
A— sets \{w') because otherwise l{w'sa) < l{w') would hold. Therefore, 
w° is of minimal length and unique with this property. 

Note that the existence of a unique element of minimal length is 
essentially Corollary 3.4 from [Dy], well known for parabolic subgroups 
of Coxeter groups. □ 

Let us check (/). Given a reduced decomposition w = UrSii ■ ■ ■ Si^, 

for certain p. Then the element SjW is obtained from w by striking out 
Sjp. Moreover, 

aP = Si,--- Si^_,{aip) = Si,--- Si^_,Si^{-ai^) = -w~^{aj) E 

and has to be a singular simple reflection. It completes the proof of 
the theorem. □ 



4.3. Bruhat ordering on . The right Bruhat ordering can be 
reduced to the standard Bruhat ordering in , that is established in 
the next proposition. It readily gives another proof of the description of 
the minimal elements {w°} from Lemma 4.4. This proposition gives a 
simpler approach to the construction of w°, although the considerations 
based directly on the Coxeter relations have their own advantages, 
especially when the Bruhat construction (deleting simple reflections) is 
extended to Hecke algebras. 

For instance, it is important to determine how the choice of a re- 
duced decomposition oiwEW influences deleting (singular) % in the 
corresponding product Tq^ here one can follow Lemma 4.4. We note 
that compatible pairs of R— matrices to be discussed below are a certain 
formalization of this "direct" approach. 

Given w = UrSi^ - - - Si„ let p e {pg > Pg-i >, . . . ,pj, . . . ,> p2 > Pi} 
for the sequence of all singular 1 < Pj < / as 1 < j < 5^. We use the 
notation 

(4.61) Z?-' = a'" = wP{ai^) for p = pj, where = Si,--- Si^^,, 
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and also will need wj obtained from w^^ by deleting all singular simple 
reflections. We set /3j = Wj{ap^) eR°,l<j< g. Then (cf. (4.58)) 

wi = w\ W2 = Si,--- Si^^_,Si^^^, - - - Si^^_, = wP^sP\ 
. . . , Wg = w^^s^^ - - - using = SaP ; 

(4.62) pi = wi{apj =p^,p2 = W2{ap^), . . . , pg = Wg{ap^). 

Proposition 4.5. (i) The minimal element from (d, e) of Theorem 
4-2 equals ww\q^ for the unique element w\q G such that X^{w\o) = 
X{w) n constructed in (4-58). 

(ii) Explicitly, X°{w\o) = 0^ , j = 1, . . . , g} , 

(4-63) w\o = Sf3^---Sf3, = s^^---s^,, 

where all roots f3j are simple in = fl and the first product 
is a reduced decomposition of w\o in terms of the simple reflections of 
defined with respect to R^. 
(Hi) The right Bruhat sets can be expressed in terms of the standard 
Bruhat sets B(u; ) C for u G (defined for the root system 
and the corresponding set of simple roots there): 

B^{w) = w° B (u}|o ; -R+) for arbitrary w G W . 

Proof. The formula for w° in terms of iI;|o readily follows from Propo- 
sition 4.1. 

Given a reduced decomposition of the element w\o is naturally 
represented as the product s^i ■ ■ ■ s^g for {[3j} = R^nX{w) and coincides 
with S/3g ■ ■ ■ in (4.63) by construction. 

Recall that these two products correspond to moving simple singular 
reflections in the decomposition of w to the right beginning with the last 
singular reflection, Sp^, and beginning with the first singular reflection, 
that is Spj, respectively. Notice that sp. appear in this product in the 
order inverse to the order of s^j. 

Using Theorem 2.1, we conclude that {Pj} is a A— set in R'^ and, 
therefore, it is exactly X'^{w\o); hence, w\o = sp^---sp, is a reduced 
decomposition in terms of simple reflections. It completes (ii). 

Any increasing sequence of simple reflection in the decomposition of 
w\q is associated with a decreasing sequence of positive roots {5^^} C 
n X{w) (the order becomes inverse) and, therefore, corresponds to 
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an increasing sequence of singular simple reflections in the initial de- 
composition of w. Deleting the former sequences of singular reflections 
corresponds to deleting the latter sequences, and the other way round. 



By m, we denote the least natural number such that (P, P) = (l/m)Z. 
Thus m = 2 for D2k, m = 1 for B2k and Ck, otherwise m = |n|. 

The double affine Hecke algebra depends on the parameters q, t^, v G 
{va\. It will be defined over the ring 



It will be convenient to use the parameters {kv\ together with {ti/}, 
setting 



For instance, by g^^^'"^), we mean Ili/evij ■> ^^^^ a G R, {pvY = 

Pv/ z/, and this product contains only integral powers of tsht and ting. 

Note that {pk,ot{) = ki = ka, = {{pkY.ai) for i > 0; {pkY = 
^k^{p^y. Also, {pk,b+) = -{pk,hJ) for h+ = Wo{b_) (see above). 
For pairwise commutative Xi, . . . , X„, 



It gives (iii). 



□ 



5. Double Hecke algebras 





n 



(5.2) 



= U^tl' if b=[b,j], w{X~) = X 



w{b)- 



i=l 



n 



where b 




m 



i=l 



For instance, Xq = = qX^ . 

Later 1^ = Ybq~^ will be needed. Note the negative sign of j. For 

instance, Yq = Ya^ = q~^Y^^. 

We set (6, c) = {b, c) ignoring the affine extensions. 
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5.1. Main Definition. We will use that vr"^ is vr,.* and is Ur* for 
r* ^ O , Ur = Ti^^uJr- The reflection * is induced by an involution of 
the nonafline Dynkin diagram F. 

Definition 5.1. The double affine Hecke algebra 7H is generated over 
Qq^t by the elements {Tj, < i < n}, pairwise commutative {Xf,, b G 
P} satisfying (5.2), and the group 11, where the following relations are 
imposed: 

(0) (T,-ty')(T, + tri/') = 0, < z < n; 

(1) TiTjTi... = TjTiTj..., rriij factors on each side; 
(a) TTrTiir''^ = Tj if 7rr{ai) = aj; 

(ill) TiX.Ti = XfeX-i if {b, a^) = 1, 0<i<n; 

(iv) TiXb = XbTi if [b, a^) = for 0<i<n; 

(v) nrX^n;^ = = r e O' . 

_ □ 
Given w G W, r E O, the product 

I I 

(5.3) T^,{D = JJ^Tj^, where w = J]^ Sj^, / = /(w), 

fc=l k=l 

does not depend on the choice of the reduced decomposition (because 
{T} satisfy the same "braid" relations as {s} do). Moreover, 

(5.4) Ti^T^s = T^su, whenever /(t^-u;) = /(t?) + /(w) for v,weW. 
In particular, we arrive at the pairwise commutative elements 

n n 

(5.5) n = \[yI if b = Y,huJieP, where = 

i=l i=l 

satisfying the relations 

Tr^Y^;Tr^ = Y,Y~^ if (6,^^ = 1, 

(5.6) = Y{Ti if (6, = 0, \ <%<n. 

The origin of this construction is due to Bernstein and Zelevinsky. The 

deflnition (5.5) and relations (5.6) are due to Lusztig (see, e.g.,[L]); in 
the DAHA context, they are from [C3]. 
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5.2. Automorphisms. The foUowing maps can be uniquely extended 
to automorphisms of TH (see [C3],[C6],[C9]): 

(5.7) e:Xi^ Y^, Y., ^ X„ % ^ T;^ {% > 1), U ^ t-\ q ^ q-\ 

(5.8) r+:Y^^q-^X^T^^T,^,T^^q-^X^T^\ and 

/_ „N def def _i _i _i _i 

(5.9) r_ ^ e^T+e, o" = t^t_ = t_ t^t_ = ea e, 

where r G O'. They fix Tj (i > 1). The T±,a fix t^,, g and fractional 
powers of t,^, q. 

Note that r_ acts trivially on {Tq, tt^, F;,}, a sends Xj, to ^j"^. 

In the definition of t± and a, we need to add g='=^/(2™) to Q^^j. These 
automorphisms actually act in the central extension of the elliptic braid 
group defined by the relations of ftC where the quadratic relation is 
dropped and fractional powers of q are treated as central elements. 

The elements t± generate the projective PSL{2, Z), which is isomor- 
phic to the braid group B3 due to Steinberg. Adding e, we obtain a 
projective action of PGL{2,Z). 

The following anti-involutions are of key importance for the theory 
of the polynomial representation: 

(5.10) X* = X-\Y* = Y-\T* = T-\ q* = q-\t: = t-\ 

(5.11) = = : Xb^ Y^-\ Ti ^ Ti {1 < i < n), 

where the latter preserves q, t^ and their fractional powers. 

We will also use 77 = ea. It conjugates g, t and is uniquely defined 
from the relations 

7] : Ti\-^ Z;~\ Xb ^ A^~\ Tlr ^ Tlr, 

(5.12) where < i < n, b e P, r eO'. 

5.3. Intertwining operators. The X -intertwiners (see [C7]) are in- 
troduced as follows: 

$i = T, + {ty^ - tr'^')(^a. - 1)"' for < 2 < n, 

$^ = MXa. - 1) = T,(x,, - 1) + ty' - 1;'/\ 

(5.13) Gi = <f,,(0,)"\ 0. = ty + {ty - t-'^'){x^^ - 
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They belong to ?H extended by the rational functions in terms of 
{X}. The G are called the normalized intertwiners . The elements 
Gi,0 < i < n, r G O', satisfy the same relations as {si,7Tr} do, so the 
map 

(5.14) w HH> Gq = nrGi^ ■ ■ ■ Gi-^, where w = nrSi^ ■ ■ ■ G W, 

is a well defined homomorphism from W. 
The intertwining property is 

GisXbG:^^ = Xu,{h) where X[f,j] = Xi,q> . 

We will refer to Gq as intertwiners too; $j, Gj, tt^, will be called 
simple intertwiners. 

As to $j and they satisfy the homogeneous Coxeter relations 
and those with 11^. So we may set = T^r^ii' ■ ■ $n for the reduced 
decompositions; similarly, 

$1 = TXr^l ■■■^1= <I>S(X5. - 1) ■ ■ ■ - 1) 

in the notation from (1.16): 5^ = Sj^ ■ ■ ■ Si^_^{ai^). They intertwine X 
in the same way as G do. 

The $^ for w & W are well known in the theory of affine Hecke 
algebras. The affine intertwiners are the key tool in the theory of 
semisimple and spherical representations of DAHA, including applica- 
tions to the Macdonald polynomials and the Harish-Chandra— Opdam 
spherical transform. 

5.4. Intertwiners and Tj. Concerning the relation of $ to {Tj}, the 
following holds: 

(5.15) Ti^Q = ^wTj if SiW = wsj, l{wsj) = l{{u) + 1 = l{siw) 

for i,j > 0. These conditions are equivalent to Sj{X{w)) = Xiw) and 
wioj) = Oti. 

An explicit description of such w and the justification are straight- 
forward. Indeed, there must exist a reduced decomposition of w that 
begins with u such that usj = Sj/u is an elementary Coxeter transfor- 
mation (j ' = j unless it is of type A2). One has: 

(5.16) T,-,$s = ($,, - {t]i' - t/')/(X,^., - l))$s 

= $2$, - Mtf - tf')/{X^^ - 1)) = 
Then Siw' = w'sjr for w = w'u and we can continue by induction. 
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Let us generalize (5.15) using the right Bruhat ordering from Section 
4 associated with an arbitrary root subsystem of R. 

Theorem 5.2. Given a reduced decomposition w = 'KrSi^■ ■ ■ Si^, we 
define $5; by replacing with Ti^ when p is singular, i.e., = 
■ ■ ■ ■5jp_i(a;jp) G -R"; the and Gq are defined correspondingly. 

(a) The element remains unchanged under homogeneous Goxeter 
transformations of the reduced decomposition ofw if the A2— transforms 
with singular middle ip and non-singular edges are avoided, that are as 
follows 

(5.17) Si±iSiSi±i ^ SiSi±iSi, for i = ip, Zp+i = z ± 1 = Zp_i, 
where cF G R^ and oP-^ ^R^^ oP^^ ■ 

(b) Similarly, are invariant under homogeneous Goxeter transfor- 
mations apart from (5.17). This restriction is not needed for Gq, i.e., 
the latter does not depend on the choice of the reduced decomposition 
for arbitrary homogeneous Goxeter transformations if the normalized 
intertwiners are used. ^ ^ 

(c) If is obtained from = when transformations (5.17) 
are allowed, then the difference — $^ zs a linear combination of the 
terms in the form ${5'P(X) for rational functions P{X) from 

(5.18) Z[g., (4/2 - (1 - X^y\ (3eR,aeR\R\ 

where $5;/ are defined for some reduced decompositions of w' G B^^{w) 
from Theorem 4. 2. 

(d) The linear space generated by ^qiP{X) form' G B^{w) and 

P{X) G Q,,t[X5, (1 - Xs)-^ I 6 G 5, 5 ^ 
is a left module over Qg,t[Xfe, (1 - Xg)"^ | b e B, a ^ w^'^{R^)]. 

Proof. All Goxeter rank 2 transformations but the exceptional one 
from (5.17) are checked similar to (5.16); one follows the proof of The- 
orem 4.2. ^ ^ 

The cases of and G are completely analogous. The unitary prop- 
erty Gf = 1 guarantees that the transformations (5.17) do not change 
Gq. We arrive at (a, b). 

Let the transformation be Si±iSiSi±i 1— > SiSi±iSi, where we under- 
line the singular reflection and i = ip, ip„i = i ± 1 = ip+i inside a 
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decomposition of w. Then, setting a = ai, P = ai±i, t = U 
(5.19) 



(2-X,-X-i)(2-X^-X-^) 

The denominators of (5.19) become products of (Xg — 1) for a ^ 
when moved to the right all the way. We move them through non- 
singular $j using the intertwining property and through singular Tj 
using directly the relations (6.1). In either case, the denominators are 
conjugated by the corresponding sj. 

The product $^ where ^i±iTi^i±i is omitted becomes defined 
for the standard, possibly non-reduced, decomposition of w' obtained 
from w by deleting Si±iSiSi±i. If this decomposition is non-reduced, 
then one needs either the quadratic relations for for singular sj or 
the formula for an X— function, for non-singular sj. Using these 
relations may be preceded by homogeneous Coxeter transformations. 
It results in additional terms of the same type (5.18). Eventually, we 
will come to for reduced decompositions of w' e B^{w), as required 
in (c). 

Another transformation that may occur here is "deleting" singular 
Tj due to (6.1) in process of moving X— functions to the right, maybe 
followed by further reductions described above. The X— function here 
will be either $^ or those due to (6.1); more generally, one can take here 
arbitrary rational functions of X with the denominators that become 
from (5.18) when moved to the right. This proves (c) and (d). □ 

Note that when (Xq,- — Xq,-^^ )) is moved to the right it becomes divis- 
ible by (Xgp — 1) for i = ip in the absence of {Tj} in the corresponding 
portion of ^q. Otherwise, we will need to move this difference through 
Tj for singular indices j = iq {q < p), which may destroy the divisibility. 
More generally, we obtain the following. 

Corollary 5.3. Given a reduced decomposition w = n^Si ■ ■ ■ Si and a 
singular Si^, if = s'^ for all singular iq with q < p, where the 

notation s'^ = Sai from Theorem 4-2 is used, then <I>^ — $^ is divisible 
by (Xgp — 1) on the right. □ 
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5.5. Compatible r^matrices. Generalizing the construction of $, we 
come to the notion of the compatibility of TZ— matrices . It extends 
the key property of the (quantum) 7?.— matrix {TZa, a G R+} defined 
in [C2] , which is as follows. The products 71^ = TZ^i ■ ■ ■ T^gi must 
depend only on w and must^ot depend on the reduced decompositions 
w = Sil - ■ ■ Si^ for any w G W . Here TZa are elements in some algebra 
y{ with a unit. Equivalently, the cocycle relation must be satisfied: 

(5.20) 7^557^s = "~'(7^^5)7^^I, where u~\. . .TZ^ ■ ■ ■) = ■ ■ -TZr^-^s) • • • , 

provided that l{uw) = l(u) + l{w). 

If {7Z{s, WE W} is extended to W 3 w = by the formula 
7Z{s = VrlZw for a homomorphism 11 3 vr^ i— > P,- ^ 9^ and (5.20) holds, 
then 7^{3 is called a W— extension (or a W^''— extension for 11^ instead of 
n). It simply means the commutativity relations: VrTZ^ = TZaVr- 

Given a root subsystem an 7?-— matrix {7^-} defined for a G R^^ 
is called completely compatible with TZ if the following compatibil- 
ity property holds. The elements TZ^ obtained from TZ^ by replacing 
TZa ^ TZ'- whenever a G -R^j. have to remain unchanged when the (ho- 
mogeneous) Coxeter transformations are applied to reduced decompo- 
sitions of w, i.e., they must depend only on w. Note that the complete 
compatibility does not result in (5.20) for TZ^ unless is H^— invariant. 

Respectively, if T'rTZa = TZ^Vr, then {TZw, w G } is called a 
W— extension of { TZ^, w E W}. 

In the context of 7^— matrices, the Coxeter transformations are in- 
versions (wq— permutations) of the consecutive elements TZaP for the 
segments {5^} C X{w) that can be identified with consecutive positive 
roots of rank 2, i.e., with those of types Ai x Ai, A2, B2, or G2- 

An 7^— matrix TZ^ is called partially compatible with TZ if the trans- 
formations from (5.17) are excluded, that are transformations of type 
A2 such that the second (middle) root belongs to but the first and 
the third (the edges) do not. 

Rank two relations. First of all, all rank two relations from [C2] 

for TZ and TZ (individually) must be satisfied. Then one needs to check 
the following rank two compatibility relations : 

(Ai X Ai) : TZaTZfs = TZpTZa, 
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{A2, general) : TZcJla+pR-p = TZpTZa+fsRc, 

(5.21) {A2, special) : TZalZa+p'R-p = TlpTZa+fiTla, 

where the special relation is needed to ensure the complete compatibility 
of TZ and TZ (otherwise, the compatibility will be only partial), and 

TZa'R'a+(5TZa+2f3'TZp = TZpTZa+2l3'TZa+l3'TZa 
TZaTZa+l3'TZa+2p'TZp = TlpTla+2f3Tla+f3Tla 
TZa'R'a+(3TZa+2l3TZf3 = 7li37la+2(3TZa+/3Tla, 

(i?2, 2 ~) : 710,71^+^^1^+2(571 = 7li37la+2p7la+p7la 
7la7la+f37la+2l3T^l3 = '^/3'^a+2/3'^a+/3'^a ; 

and also the corresponding compatibility relations for G2, obtained 
from the ones for 71, 

7la7la+p7l2a+3l37la+2l37la+3pTZp = 7li37la+3(i'TZa+2f37l2a+3f37la+(37la^ 

by replacing 71 ^ 71 for: 1) one of the roots (1 ~) from the set 

a, a + P, 2a + 3/5, a + 2(3, a + 3/5, (3, 

2) those in the pairs {a, a + 2/5} {2a + 3/5, /5} of orthogonal roots (2 ~) 
and 3) for those in the subsystems (3 ~): 

{a, 2a + 3/5, a + 3/5} or {a + /5, a + 2/5, /?}. 

Here the roots involved constitute all positive roots in the correspond- 
ing rank two subsystem taken clockwise and then counterclockwise. 
See the proof of Lemma 4.3. The roots a, (3 generating a rank two 
system are affine from R. 

We mention that not all compatibility relations from these lists can 
appear for a given pair (Z R due to our definition of a root subsystem. 
The relations we give are "generic"; not all of them must be checked 
for concrete R^ C R. 

For instance, the subsets of all short roots do not form a root subsys- 
tem for B2 or G2, as well as the pairs of orthogonal roots for G2; such 
roots Z— generate the whole rank two system. The corresponding com- 
patibility 7?.— relations have to be omitted if we stick to the definition 
of the root subsystem R^ from this paper. 
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5.6. Examples. Let us assume that there exists a homomorphism 
W ^ y{* sending Sa ^ Sa and Sai'R-'pjSa = T^s-ip)- '^^^ simplest 
abstract example of complete (respectively, partial) compatibility is 
= 1S5, 5 G -R°} for unitary (respectively, arbitrary) IZ. By unitary, 
we mean that {7^5 } are defined for all 5 G -R and satisfy the conditions 

The standard Hecke-type examples of 7?.— matrices and the compati- 
bility are as follows. 

def 

Let us assume that Tj and W act in a vector space V and T5 = 
wTiW~^ does not depend on the choice of w such that w{ai) = a for 
an arbitrary a G R+. Then {TZa = is a constant 7^— matrix. 

An example of such V is the polynomial representation (see below) 
restricted to the affine Hecke algebra generated by {Tj, i > 0} with the 
usual action of W on Laurent polynomials. In the abstract theory of 
quantum Knizhnik— Zamolodchikov equations, the action of w through 
the projection W ^ W is used, i.e., with T[q ^.^j] depending only on 
aeR (see [C2]). 

Another (well-known) example is for the root system of type An only. 
We set Ta = Tij for a = ei — ej and the so-called Baxter— Jimbo matrices 
Tij in Vat ® Vat in the components of the tensor power v^^"'^^) of 
the fundamental iV— dimensional representation Vn of GL^. 

Using intertwiners. Let A^ (a G Q) be multiplicative scalar vari- 
ables: they satisfy all the formulas for Xa.Xa and are supposed to 

commute with {T5} defined via T5 = wTiW~^ as above. Here Q is the 
root lattice, but it can be replaced by P (or B) if the extended case is 
considered. 

The main properties of the intertwiners $ and G can be reformulated 
(generalized) as follows. The collections TZ and Q given by 

(5.22) 7^5 = S5T5 + [t]!^ - t^'/')/(A5 - 1), 5 G R+, 

fe^^7^.(^y^ + (^y2-t-/2)/(A,-l))-, 

are non-constant End(y)— valued 7^— matrices. Their extensions to W 
are given by vr,. h— > 1. 

Note that one can use the formulas T5 = wTiW~^ to define T5 for all 
5, non-necessarily positive. Then Q is unitary, QaG-a = I, IZ is not. 
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The (algebraically non-trivial) fact that 7?., Q are 7?.— matrices can be 
deduced from the consideration of the intertwiners $, G in the rep- 
resentation of induced from a generic character A : Xa ^ of 
Qg^t[-^]; they are applied to the cyclic vector. The space of this induced 
representation is naturally isomorphic to the group algebra of the affine 
Hecke algebra generated by {Tj, i > 0}. Note that these 7?-— matrices 
are functions with the values in any Tf^''— modules V with an action 
of W such that the elements = wTiW~^ are well defined (do not 
depend on the choice of w such that w{ai) = a). 

Theorem 5.2 readily gives that the collection {Q~ = = 7^-} 

is an 7?.— matrix that is completely compatible with Q and also partially 
compatible with 71 from (5.22) for any root subsystem i?° provided that 

As = 1 ^ 5 e 

We must also impose the inequality A5 7^ for Q whenever a ^ R^. 

We note that the case of Q here is related to Proposition 8.11 from 
[L] (in the affine case). The considerations from Section 6 from this 
paper are similar to our "abstract" approach to the relative Bruhat 
ordering and completely compatible 7?,— matrices. 

Comment, (i) There is a variant of this construction when Q is 
always used instead of 7?. as A5 7^ 1, t^^, i.e., we make 71 as unitary as 
possible. It gives an example of partially compatible triple {Q^,7Z,Q}. 

(ii) The trivial {Q~ = 1, 5 G R^} is completely compatible with Q; the 
corresponding Qq equals Qw° for the minimal element w° from Theorem 
4.2,((i). Thus the complete compatibility, equivalently, the fact that Qw 
does not depend on the choice of the reduced decomposition of w, is 
not obvious even in this (simplest) case. 

(iii) The A— factors that appear when the Coxeter transformations of 
type (5.17) are used in the products for 7Z are scalar and easy to control; 
so the difference between 7Z and Q is simply a matter of normalization. 
It becomes much more involved when the intertwiners ${5 are used to 
define 7Z. Replacing $ by the normalized intertwiners G is possible only 
in DAHA— modules where non-invertible intertwiners do not appear. 

□ 

A connection with virtual links. If R^ is not involved and one can 
uses = {S5T5} instead of Q for any roots, then the rank two relations 
for {Q^,Q} are essentially the axioms of the virtual links generalized 
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to arbitrary reduced affine root systems. Here serves usual links, 
Q stays for virtual links. In the DAHA theory, the combinations like 
^^2^13^23 (with exactly two Q^) cannot appear. These ones also do not 
satisfy the triangle (Reidemeister III) property in the theory of virtual 
links. 

Recall that Q is unitary and the transformations (5.17) are allowed. 
In the context of the 7^— matrices, (5.17) is the special relation of type 
A2 from (5.21) with is in the middle and Q at the edges. If TZ is used 
instead of Q, then (5.21) does not hold, so the general DAHA— theory, 
generally, requires more sophisticated approach. 

In a more abstract way, the algebra formally generated by DAHA and 
the intertwining operators (defined for X or for Y, normalized or not) 
seems the key object. It is challenging to understand its "topological 
meaning". We also note that the subcategory of semisimple DAHA— 
modules may have something to do with the invariants of virtual links 
and the "categorification" . 

6. Polynomial representation 

From now on we will switch from 7H to an intermediate subalgebra 
C ?ti with P replaced by a lattice B between Q and P (see [C9]). 
Respectively, H is changed to the preimage H^ of B/Q in H. Generally, 
there can be two different lattices B^^ and By for X and Y. We consider 
only Bj. = B = By in the paper; respectively, a, 6 G 5 in Xq, Yj,. 

We also set W'^ = B ■ W C W, and replace m by the least m E N 
such that m{B, 5) C Z in the definition of the Qg^t. 

The relations (iii,iv) from Definition 5.1 (cf. [L]) read as: 

(6.1) T.X, - X,(,T. = (tf - trV^)^i(^^, < z < n. 

Replacing X^ by Y^^ we obtain the dual "T — y" relations. 

Note that TH}' and the polynomial representations (and their rational 
and trigonometric degenerations) are actually defined over Z extended 
by the parameters of DAHA. However the field Q^^j will be sufficient 
in this paper. 

6.1. Definitions. The Demazure-Lusztig operators follows: 

(6.2) T, = t\'h, + {t\'^ - tT^'\X^^ - iy\s, - 1), < z < n; 
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they obviously preserve Q[g, t^"*^/^] [Xf,]. We note that only the formula 
for To involves q: 

To = tfso + {t'J^ -t-'^^){Xo-ir\so-l), where 

(6.3) Xo = qX^\ so(X,) = X,X-^'^''\^'''^\ = 1]. 

The map sending Tj to the corresponding operator from (6.2), 
to Xf) (see (5.2)) and vr^ i— >■ tt^ induces a Q^^t— linear homomorphism 
from Tti^ to the algebra of linear endomorphisms of Qg,t[X]. This 
TH^ -module is faithful and remains faithful when g, t take any nonzero 
complex values assuming that q is not a root of unity. It will be called 
the polynomial representation; the notation is 

V = Q,,t[Xb\ = QgA^b,beB]. 

The images of the Yh are called the difference Dunkl operators . 

To be more exact, they must be called difference-trigonometric Dunkl 
operators, because there are also difference-rational Dunkl operators. 

The polynomial representation is the Tti^ -module induced from the 
one dimensional representation Tj i-^ tY"^, Yi i— > t^"^ of the affine Hecke 
subalgebra = {Ti,Yi,). Here the following PBW-type theorem is 
used. For arbitrary nonzero q, t, any element H £ Ttt' has a unique 
decomposition in the form 

(6.4) H=Y, 9u,fu, T^, 9^ e QgAM U e QM- 



Invariant form. The definition is in terms of the truncated theta 
function 



oo 



^ ^ ^ ^ - ^ - 11 (1 - XM)il - X-Kqi^^: 



It is considered as a Laurent series with the coefficients in Q[tiy][[giy]] 
for u e ur. 

The constant term of a Laurent series f{X) will be denoted by (/). 
Then 



af^R+ i=i ^ n-^ ''a y J 
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Recall that = g^"^'" \ ta = Qa"', so we can set here ^ 

qiPk'" xhis formula is equivalent to the Macdonald constant term 
conjecture from [M2], proved in complete generality in [C4]. 

Let fio = f^/{f^)- The coefficients of the Laurent series fio are from 

the field of rationals Q{q,t) = Q{qu,tu), where u G ur. Note that 
/i* = fio for the involution 

X* = t* = t-\ q* = q-\ 

This involution is the restriction of the anti-involution -k from (5.10) 
to X-polynomials (and Laurent series). These two properties of /Xo can 
be directly seen from the difference relations for fi. 

Proposition 6.1. Setting, 

(6.7) {f,g)o ^ {fij g*) = {gj): for f, g e Q{q,t)[X], 
the polynomial representation is -k-unitary: 

(6.8) mf).9)o = {f,H\g))o for Hem, f e Q,,t[X]. 



6.2. Macdonald polynomials. There are two equivalent definitions 
of the nonsymmetric Macdonald polynomials , denoted by Ei)(X) = 
E^'^ for b E B. They belong to Q{q,t)[Xa,a G B] and, using the 
pairing ( , ), can be introduced by means of the conditions 

(6.9) Ek-Xb G ®cM{q,t)X,, {Eb,X,)o = for B 3 c y b. 

They are well defined because the pairing is nondegenerate (for generic 
q,t) and form a basis in Q{q,t)[Xb]. 

This definition is due to Macdonald (for /cght = ^ing ^ '^+): who 
extended Opdam's nonsymmetric polynomials introduced in the differ- 
ential case in [03] (Opdam mentions Heckman's unpublished lectures 
in [03]). The general (reduced) case was considered in [C6]. 

Another approach is based on the y— operators. We continue using 
the same notation X, Y, T for these operators acting in the polynomial 
representation. 

Proposition 6.2. The polynomials {Eb, b G B} are unique (up to pro- 
portionality) eigenf unctions of the operators {Lf = f{Yi, . . . , y„), / G 
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Q[X]} acting in Qg,t[X] : 

(6.10) Lf{E,) = f{q-'^)E, for k = b- u^\p,), 

(6.11) Xaiq^) = q^"''''^ , where a.beB, Ub = ti^\ 
Ub is from Proposition 1.3, = nb{{—pk))- 

□ 

The coefficients of the Macdonald polynomials are rational functions 
in terms of qu,tu (here either approach can be used). 

Symmetric polynomials. Following Proposition 6.2, the symmet- 
ric Macdonald polynomials Pb = P^''^ can be introduced as eigen- 
functions of the 14^— invariant operators Lf = f(Yi, . . . , Y„) defined for 
symmetric, i.e., ly— invariant, polynomials / as follows: 

LfiPb_) = fiq-''^''^)Pb., b^eB^, 

(6.12) Pb_= mod ©,_^fe_ Q(g,t)X„ 

b£W(b-) 

Here it suffices to take the monomial symmetric functions , namely, 
fb = ^c&w{b) -^c for b G For minuscule b = —ojr and b = — ^9, 
the restrictions of the operators Lf^ to symmetric polynomials are the 
Macdonald operators from [M4, M3]. 

The P— polynomials are pairwise orthogonal with respect to ( , )o 
as well as {E}. Since they are VT— invariant, p can be replaced by the 
symmetric measure— function due to Macdonald: 

(6,3) ^-^'-'-nn /^t^Hjligf].) - 

aeR+i=0^ ^alag^JU ^a^aQa) 

The corresponding pairing remains *-hermitian because the function 
6o is *— invariant. 

These polynomials were introduced in [M4, M3]. They were used for 
the ffist time in Kadell's unpublished work (classical root systems). In 
the one-dimensional case, they are due to Rogers. 

The connection between E and P is as follows 

Pb_ = Pb+Eb^, fe- e 5_, b+ = wo{b_), 

(6.14) p,,^^ n^^"^"^^'^-' ^^^'^ 

ceW(b+) V 
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Wc E W is the element of the least length such that c = Wc{b^); the 
notation P will be used if the summation is over all w. See [03, M5, C6]. 

6.3. Using intertwiners. The F— intertwiners serve as creation ope- 
rators in the theory of nonsymmetric Macdonald polynomials. They 
are defined as follows: 

^1/2 _ -1/2 

(6.15) = T+{Ti) + , ^>0, Pr = r+inr), r G O', 

= Pr^t; • • • for reduced decompositions w = UrSi^ . . . Sj^. 

Recall that r+(To) = Xf^^T^^ = q-^ X^Tq\ r+(7r,.) = g-^^-'^-^/^^^^^^ 
The elements are the images r_o"($u}) of the X— intertwiners $^5. 
Indeed, thanks to the relations a{Xb) = Y^^^, T^{Yh) = Yb : 

TM^,Xb) = r^a{X,^.,) ^ rM<^,){Y,-')=Y-'T^a{<^,) 

for c = Si{b). However, 

r_a($,) = r+(T,) + (tj/^ - t-'/'){Y-^ - l)'' 

because r^a = tj^tZ^ and r_ preserves Tj. Similarly, T-a{'Kr) = T+iTir)- 
We obtain that 

"^ysYb = 1^5(6) ^iu, where Y[bj] = Ybq~^ . 
The same property holds for the normalized intertwiners 

which are unitary, i.e., induce a homomorphism from W to a proper 
localization of TH^. 

The automorphism r_ acts in V and commutes with the F-operators. 
The following proposition describes its action on the \Ef-intertwiners. 

Proposition 6.3. (i) For generic q,t (or for arbitrary q,t provided 
that the polynomial Eb for b & B is well defined), 

(6.16) T_{Eb) = q-^-^^^+(''-'P^^ Eb for P_ 9 6_ G W{b). 
(a) For any q,t and Yq = q~^Y^^, 

(6.17) r_(T,)=T,(z>0), r_(r+(To)) = r+(To)^iFo, 
r_(^,) = > 0), r_(^o) = ^o>o = l^o"'^o, 

r^r+M) = q^^-^^^^'YrTM = q-^^-^^^^'T^MY-\ 
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Proof. These claims can be checked using directly the definitions. 
One can also identify r_ in V with the operator of multiplication by 
tZ = 7j^(l)~^7j^ for the Y -Gaussian defined as follows: 

(6.18) 7. ^Y.l^'^"^^"^^, 7.(1) = 

b&B beB 

Here we assume that < g < 1 and use that V is a union of finite 
dimensional spaces preserved by the F-operators. 

The irreducibility of V for generic q, t is sufficient to conclude that 
tZ = T- because the conjugation by tZ induces r_ in ?^^^ This implies 
their coincidence for generic q (apart from roots of unity) and t^, which 
results in (6.17) for arbitrary q,t. □ 

Setting 

(6.19) >P; = =r^_(r.) + - t:"'){X,,(q'<) - 

(6 20) f> = (^.»^-')(o>.) ^ ^''^> + - '"^')(^,.(<;'') - 1)-' 

we come to the Main Theorem 5.1 from [C7]. 

Theorem 6.4. Given c & B, < i < n such that (oj, c + d) > 0, 

(6.21) E,q~^'''y' = tJ/'vl>^(Ejg-(^.^)/2 for 6 = s,((c)). 
// {ai,c + d) = 0, then 

(6.22) r+{Ti){E,) = t]'^ E,, < z < n, 

which results in the relations Si{Ec) = Ec as i > 0. For b = 7ir{{c)), 
where the indices r are from O', 

(6.23) q-m/2+ic,c)/2j^^ ^ r+{'Kr)m = X^,.q-^^^^-^^'\rm. 

Also T^{7ir){Ec) 7^ Ec for Tir j^id, since vrr((c)) 7^ c for any c E B due 
to Lemma 1.5. □ 

Using the standard Bruhat ordering and the set B{w) from Proposi- 
tion 1.6, the theorem results in the following. 

Corollary 6.5. Given a reduced decomposition tti, = i^rSii ■ ■ ■ Si^ and 
w' G B{7Th), we define Tqi for the corresponding, possibly non-reduced, 
decomposition of w' . Then 

(6.24) r+(T{5/)(l) G (Bn^,£B{TTt)Qq,t Ebi C (BatbQq,t 
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Proof. We use (6.15), that is 

1/2 _ -1/2 

VI/, = r+(T,) + ' - , P. = r^vr,,), 

and that {Ec} are eigenfunctions of the operators. □ 
We can now renormahze the polynomials as follows: 

Ci = 0,C2 = Sii((Ci )),... ,Q = Si; ((q_i)) for Tib = TlrSi^ . . . Si^. 

These polynomials do not depend on the particular choice of the de- 



(6.25) Eb = r+{GrG'il...G'il){l), where 



composition of iTf, (not necessarily reduced) and are proportional to Ef, 
for all b e B: 



1<P<1 



(6.26) = n 



qiXaiqP 



The polynomials are directly connected with the spherical polyno- 
mials. 

6.4. Spherical polynomials. The following renormalization of the E- 
polynomials is of major importance in the Fourier analysis (see [C6]): 

Sb = Eb{X){Eb{q-''')r\ where 



(6.27) Ebiq-'"') =g('"='^-) J] (- 



(6.28) \'{TXb) = {[a,j] I [-a.u^j] E XiTib)}. 

We call them spherical polynomials. Explicitly (see (1.25)), 

(6.29) A'(7r,) ={[a,j] | a G 

- (&_,«'') > J > if u-\a) e R., 

- (&-, «^) > J > if u-\a) e R+}. 

Formula (6.27) is the Macdonald evaluation conjecture in the non- 
symmetric variant from [C6]. See [C5] for the symmetric evaluation 
conjecture. 
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Note that one has to consider only long a (resp., short) if fcsht = 
(resp., /cing = 0) in the A '-set. All formulas involving A or A' have to 
be modified correspondingly in such case. 

We have the following duality formula for 6, c G 5 : 

(6.30) £b(g^«) = ^,(g^«), 6„ = 6 - ^-^(pfc), 

that is the main justification of the definition of 
Combining (6.26) and (6.27), we conclude that 

(6.31) = 
See also [C7]. 

The proof of the duality formula (6.30) is based on the anti-involution 
(f) from (5.11): 

(p: Ffc"^ ^ Xb, Tih^Ti {1 <i <n), q.t^t. 

Following [C5, C6] (see also (7.10) below), we define the evaluation 
pairing for f\g eV, 

(6.32) {f^g} = {L,^f^{g{X))} = {L,^f){g{X))}{q-P^), 

liXb) = X^b = X-\ i{z) = z for zGQg,t, 

where Lf is from Proposition 6.2. This pairing is symmetric and in- 
duces in ?^^^ 

As an application of (6.31), we obtain that, given b E B, the spherical 
polynomial Sb is well defined for g, t G C* if 

(6.33) n - QitaX^ilV) ^ 0. 

Similarly (see [C7], Corollary 5.3), the polynomial Eb exists if 
n (l-g^X.(g^'=)) ^0. 

If 6 G i?_ and the latter inequality holds for = Wo{b) G 5+, then 
the symmetric polynomials Pb is well defined. 

Proof of the evaluation formula. Another application of the 
intertwiners is a different approach to the evaluation formula (6.27); 
it is especially important when g, t are arbitrary (non-generic) and V 
is not supposed semisimple. Note that the other two known proofs of 
the evaluation formula are based respectively on the duality and the 
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technique of shift operators (see [C5, C6]). The following proposition 
readily gives (6.27). 

Proposition 6.6. (i) Let us assume that E'^ is a Y— eigenvector satis- 
fying (6.10) for Cj). We will introduce E'f^ using either formula (6.21) 
for h = Si{{c)), where i > and /(vTf,) = 1 + /(tTc), or using (6.23) for 
b = 7Tr([c)). Then E'f^ satisfies (6.10) for and 

(6.34) q-^P^^''~^E',{q-P^) = q-^P^''^-) E'^-"'^^^ ° ' 



l-gr--+'^)x„(gPO ' 
a = Uc{ai), a = Uc(ttj) for i > 0, a = U(.{—^) for z = 0, 

(6.35) q^'^P^^^-^E[{q~P^) = q"^P^'^-'^E'^{q^P^) for 6 = 7r,((c)). 

(ii) More generally, let E = \E'i(-E') for E ^V, i > 0, assuming that 
{Ya^ — 1)~^{E) is well defined. Then 

(6.36) E{q-P^) = (( ' ; ){E)){q-P'') for t > 0, 
E{q-P'=) = ' y,-')m{q-'') for I = 0. 

ao 

IfE = Pr{E) , where = r+(7r,.), then E{q-P^) = {Y-^{E)){q-P^) . 

Proof. We will move \E'^ in {1, E'f^} = E'^^{q~P^) to the first component 
using (5.12) and then back. In more detail, we need the following 
relations: 

(6.37) 0(r+(r,)) = (* ■ r+ ■ r/)(r,) = r+(T,), 0(P,) = XrU;\ 

Recall that r+(Ti) = for z > and r+(To) = X^^T^^ for Xq = qX'^. 

The X— rational functions 0(\E'^)(1) and 0(Pr-)(l) can be readily cal- 
culated. Then we move them back to the second component, replacing 
X by Y~^ and applying the result to E'^, which is a F— eigenvector. 

Claim (ii) is a natural generalization of (i). First, using (6.37), 

1/2 _ -1/2 1/2 _ ,-1/2 

(6.38) 0(vl/.) = 0(r+(TO + ^ \ ) = n^) ' 



Y-^-1 ' " X^^-l 
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Second, the images of the intertwiners in the polynomial represen- 
tation are 

(6.39) mm = ^'^'^"''Z^'^' sUf), mm = <(/), where 

snf) = Siif) for z > 0, = X,s4f), <(/) = Xru;\f). 
Let us give an explicit demonstration for i = 0: 

Aq — i 



-X, 



/ 1/2 .-l/2x^ ,1/2 -1/2 

-l l'^O ~ '^O _^ '^O ~ '^O 

^ Xn — 1 Xn 



,1/2^ -1/2 1/2 3^ -1/2 

- Xo - 1 ^° '° - Xo - 1 

Third, let E = We set 6io = 1, respectively for i = or 

i > 0. Then the evaluation E^q'^^) equals 

l/2y_i _ -1/2 .l/2y-l _ ,-1/2 

The evaluation of = Pr{E) is calculated similarly. □ 
A variant of the same construction gives that 

(6.40) {Tm)m'') = \[t^:;'^'"^'^ E{q^P^) for E G V, w eW, 

where l[vS) is the length of nonajfine w. 

This formula can be readily used to deduce the formula for Pb^q^^'') 
for the symmetric Macdonald polynomials Pb{b G B_) from that for 
the nonsymmetric polynomials. See (6.14). 



7. Shift-operator 



In this section, we take B = P. By [H]-^, we mean the restriction of 
the image of the element H acting in the polynomial representation V 



NON-SEMISIMPLE MACDONALD POLYNOMIALS 95 

to the subspace of VT— invariant Laurent polynomials. The image 
of [H]-^ is in if H is W— invariant, i.e., belongs to 

= {Aem I TiA = ATi, for t > 0}. 
We fix a subset v C and introduce the shift operator: 

(7.1) Si = {x^r'yi sr = [siM= {x:,r'[yih 

Note that the elements Af^, 3^* belong respectively to Z^Xf,], Zi[F;,] for 
6 G P. 

7.1. Shift— formula. The following proposition is from [C4], [C9]. The 
14^— invariant operators L^'* for VT— invariant / and the symmetric Mac- 
donald polynomials Pl'^(X) defined in (6.12) are used. 

Proposition 7.1. The operators iS* and its restriction S^'* to Qq^t[X]^ 
are W -invariant and preserve the latter space. Provided that t^ = 1 
whenever f ^ v, 

(7.2) SfLf = Lf^Sf for / G C[X]^, 
where tq^ = {t^q^ , t^i } for u ^ v ^ v' , 

(7.3) Sf (Pf ) = (6)P,'^X^ 

(7.4) 

where = Y^uev P^^ Pc = ^ for P-. 
We will also need the element 

it is y with Y^^^"^ replaced by 1^0?"^^^ (or X with Y instead of X). 
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The product 3^* 3^* is obviously a W^-invariant polynomial. So we can 
apply the formulas in (6.12): 

(7.5) (ylyl){P,''\X)) = gf{h)gl'\h) for 

(&) = n i^t-'X^iq^'-^^y^) - X.(g(^-^)/^)) 

where aej, is the number of positive roots with z/q, = z/. 
Note the formula 

where the product is over all roots. 

We are going to employ the duality and the Macdonald (symmetric) 
evaluation conjecture, the formula for the "principle value" of the Mac- 
donald polynomials proved in [C9] (in the A-case, both were verified 
by Koornwinder) . They read as: 

(7.6) n(g^-^^)P,(g^'"') = P,(g^-^'')n(g-'"=), 6,ceP_, 

n(g--) = n(g--) = x,(g-) n n Vr'"^-y:T? )- 

As a matter of fact, the second formula follows from the first via the 
Fieri rules. See [C9]. The derivation of the evaluation formula from 
the Fieri rules in the case of An is due to Koornwinder. 

Norm-formulas via the evaluation ones. It is important to 
note that the duality also results in the norm-formulas, including the 
celebrated Macdonald constant term conjecture. 

The simplest known deduction of the norm-formulas is based on the 
intertwining operators acting on the spherical polynomials that are the 
nonsymmetric Macdonald polynomials taking the value 1 at q~^''. The 
intertwiners preserve the latter normalization up to certain simple fac- 
tors. They act changing the norms of i?— polynomials, but this is simple 
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to control. Thus, using intertwiners we naturally come to the norm- 
formulas in the spherical normalization, i.e., for spherical polynomials. 

Now one can use the evaluation formulas (principle value formulas) 
to get the norm-formulas in the standard monic normalization of the 
leading terms of the i?— polynomials. The last step is reproving the 
symmetric Macdonald norm conjecture (stated in [M2] and proven in 
[C4]); we apply the symmetrization and use the formulas for {Pb_} in 
terms of {Eb}. 

This procedure gives a transparent deduction of the norm formulas 
from the evaluation ones. However it does not clarify why the norms 
appear the products very much similar to those in the definition of the 
Macdonald measure. 

The "conceptual" reason for this coincidence (which is a result of a 
straight calculation in the above deduction) is as follows. 

The above calculation in terms of the intertwining operators is ac- 
tually equivalent to the calculation of the Fourier transform, acting 
from V to the TH}'— representation in delta- functions. It sends the 
spherical polynomials exactly to the corresponding delta-functions de- 
fined with respect to the discretization of the Macdonald measure 
(with the natural normalization). It was established in [C7] (see also 
[C6, C12]). Therefore the norms of the spherical polynomials practi- 
cally coincide with the values of the Macdonald measure at the corre- 
sponding weights. This gives a complete clarification of the constant 
term conjecture and concludes (the corresponding part of) [M2]. 

7.2. Formula for y{X). Later on, the shift operator will be used 
only when the set v is the whole vr. The suffix v will be dropped in 
the formulas, the indices v are arbitrary from vr. For instance, tq^ = 
tq = {tyqy, V G Vyi\. We will also use = (1/2) J2uc=iy • 

(7.7) t''^ = n ^^""''^ = n ^^'^^ = 

= Yl ^^"^ aiu = \{ae R+, Va = y}\- 

ueuR 

Main Theorem 7.2. Let v = and b = —p. Using the notation 
{tqf-^'^^ = \[{tuqut ''^^\ e.g., {tqY"'"^^ = Hit^q.Y"'"'^^ = q^P^''^'^\ 
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we come to the relation 

(7.8) y\x') = C,,tPt for C,,t = g'^\h) 

=r*(tg) Y[ (1 -t„(tg)(°'^")). 
Applying the evaluation formula for P^'*(X), 

(7.9) y\x')iq-p>') = c,,tPli{q-'') = t-*(t^g)-('''^')n^, 



^R= n((i-^"(^^)^"'''^) n 



a£R+ 



n ((l-g^+('^^'^+''^)) J] 



Proof. The choice 6 = — p makes S^'*(P^^'*) a constant, which equals 
to c/«'*(6). Therefore 3^*(P;f'*) = g'i^\h)X^ and 

3^*3^*(Pf) = (?'''*(6)3^*(A'*). 

Thus 3^*(A'*) = {g'Y'y'y\pf) = 



f'\h)g'^^\h){g'^\h)r'P'/=r\h)P?^' 



b 

t 



b 



a&R+ 
a&R+ 

aS-R+ a6-R+ 



q,t 
b 
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The "principle value" of Pb as b = —p equals 

p-M^^^) = q-^-"^^ n n ( 



QGi?^+ j = l 



I - qi q, 



a 



i^eiyR aG-R.+ i=l ^ 1°^ ^ueuR 

11 11 l-g^-i^Kp-) ■ 



i(",p^^)^ 



aGiJ+ j = l 

Combining this formula with the previous one, we obtain: 

c,, ■ p.M'"') = n n (1 - n (^^^^^^ 

nf-{p,Pl) TT TT r ^° ^'^llueuR^'^ 
11 11 1 _^j-in Z"'''^) 

aefl+ a6ii+ i=l '^^ ga ^ 



□ 



Generalizing the principle value for the X— polynomials, that is at 
q-Pk^ we set 

(7.10) {H} = H{l){q~P'') for an operator H acting in V. 

Applying formulas (3.5)-(3.7) from Key Lemma 3.3 from [C5], we 
come to the following connection of the values of the symmetric Mac- 
donald polynomials at q~P'' as k ^ k + 1. Here the evaluation formula 
is used too. 

Corollary 7.3. Let P = P^'* for b E P^ be the Macdonald polynomial 
for t and P^^'i the one for tq; it is zero ifb + p^P-. Then 



-p 



(7.11) {yA'*X;(g-'"=+0 = 9''\b)Ptiq-P>^) 

= n ita'Xo.iq^'~''^^/')-X^iq^P^-'y'))P^'\q-P^), 

QG-R+ 
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where {y' X*} = y\x%q'f'^). Eqmvalently, 
(7.12) P%{q-''')P',il{q-''^^) 

111 fc<. + («^,Pfc+p) ' 



^ t-^X.(g(-^''+'')/^)-X.(g(^'--^)/^) , 



□ 



7.3. Rational limit. Setting k^ht = k = z/ing/cing, 4ht = t = ting, the 
Coxeter exponents are defined from tlie formula 

("3) n = n V = E 

In the simply-laced case, the products 11^ and Cq^tP-l{q~''^) can be 



expressed in terms of the Coxeter exponents. Namely, 11^ 

n(i-'w-')n( 'r-VW,)' )-n 

n 

(7.14) QtP^';(g"'"') = t-l^+l(t2g)-(^''') J] i _ ^ 



1 - t 



Comment, (i) Here, technically, the product riaeii+(-'- "~ t{tq)^"'P^) 
ensures the cancelation of the binomials in the denominator; it is not 
needed in (7.13). The process of such cancelation is not quite imme- 
diate even in the simply-laced case. It requires a combinatorial refor- 
mulation of (7.13) in terms of the sequence of the numbers of positive 
roots a of given (a,p^), the height; cf. Lemma 12.3. 

(ii) In our approach, the right-hand side automatically contains \R+\ 
extra factors in the numerator, which corresponds to the classical for- 
mula nil + • • • fTLn = \R+\- The latter requires (simple) calculating the 
leading terms in (7.13). Another famous formula (mj + 1) ■ ■ ■ (m„ + l) = 
\W\, which is immediate from the Poincare polynomial interpretation 
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of (7.13), becomes the formula for the product of rational exponents, a 
counterpart of (7.14) for the rational DAHA. 

(iii) It is not difficult to calculate 11^ in the non-simply-laced case 
under ksht = k = t'lng/cing- The structure of the formula is practically the 
same as in (7.14), but the indices j satisfy some non-trivial divisibility 
conditions and can become greater than m^. We note that there is 
no significant simplification of 11^ under the substitution /cght = ^ing 
(without u). □ 

Poincare polynomial. Let us recall the generalization of (7.13) to 
the case of two different /c— parameters from [Ml] and its relation to 
the Poincare polynomial of W. We use the notion of the partial length 
lu{w) from (1.8), where u G uj^. One has: 



(7.15) n« = E n ^^^^^ = n 



See [C4] for the proof of this formula via the r— matrices and its appli- 
cations to the Macdonald norm conjecture. 

Let us list the counterparts of (7.13) in the non-simply-laced cases. 
Actually, they can be readily obtained from the formulas for the affine 
exponents considered below by picking the binomials without for 
j > 0, i.e., the binomials given entirely in terms of tght = Q^^^^ and 

^ing = 9ing^- the B — C cases. 



(7.16) Bn : = n 



n-l -| _ .m+1 1 _ j.2mj.2 
''Ing \ I ^ ''lng''sht 



(7.17) Cn-. = n 



„=0 ' Cg^sht 
^ ~ '^sht \ I ^ ''sht'-lng 



m=0 



1 4ht ^ V 1 ^Ing 



These formulas are ting ^ 4ht~dual to each other, which readily follows 
from the interpretation of Ur in terms of the Poincare polynomial. The 
same symmetry holds in the formulas below. In the case of G2, 

(7 18) G2 ■ Uji = -~ ^^""^^ ~ ~ ^?ng^sht) 



^Ing) (-'- ^sht) (-'- ^Ing^shtJ 
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(1 ^Ing) (1 ^\ng) (1 '^sht) (1 ^sht) 
(l-^lng)(l-W(l-^sht)(l-^sht) 
'^Ing'^shtA-^ ''Ing'^shtA-^ '^Ing'^sht A '^Ing'^shty' 
^kig^sht)(l ~ ^lng^sht)(l ~ ^lng^sht)(l ~ ^fng^sht) 

Rational limit. In the rational limit q = e^,h 0, (7.9) results in 
the formula from Theorem 9.8 [02] (the simply-laced case) and from 
Theorem 4.11 [DJO], where the root systems Bn, F^^ and /2(2m) where 
considered. In the rational setting, the limiting formulas for B and C 
are obtained form each other by the transposition /cing ^ ksu] G2 = 

For the sake of concreteness, let us describe here the limiting proce- 
dure in the simply-laced case only. Let Yt = e~^^' , Xb = e^^''. Then 
the /i— leading term of yb becomes the Dunkl operator [D]: 

yb = db+ ^ Mh^l^i _ s^) for db{xc) = {b, c), 

acting in the polynomial representation C[xf,]. The limit of the shift 
operator S is 

n n 

The /i— leading term of the expression y{X) is 

{-hr^K n ya){{ n ^"))' 

where we apply the |/— operator to the x— polynomial. It is a constant, 
so the "principle value" , which is taken at zero in the rational theory, 
simply coincides with it. 

The leading term of the product in the right-hand side of (7.14) can 
be readily calculated; it is 

n nii 

[-h)\''^\\W\\['\[{j + {m, + l)k). 

i=i j=i 

We use here that the product IlILill " t"'^+^)/{l - t) tends to \W\. 
We arrive at the following formula due to Opdam. 



In the case of F4, 
(7.19) F4 : = 
(1- 
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Corollary 7.4. For y, = d, + Y.^^^^ ^(1 - 

n nii 

(7.20) (H n ^c.)) = \W\X['\[U + {m, + l)k), 

a&R+ a&R+ i=l j=l 

□ 

Comment. Formula (7.20) was proved in [01] in the crystallo- 
graphic case and then extended in [02, DJO] to groups generated by 
complex reflections; its relation to the reducibility of the rational poly- 
nomial representation was established in the latter paper. See also 
paper [DO]. We obtain it as a rational limit of the g,t— formula; the 
rational limit is an entirely algebraic procedure. 

Our approach via the affine exponents results in a direct link to the 
defining product formula for the Coxeter exponents in (7.13); see also 
(7.16,7.17,7.18,7.19). This approach establishes a relation with the p— 
adic theory (Macdonald-Matsumoto) corresponding to the limit g — > 0. 
Recall that 11^ becomes the Poincare polynomial 11^ under the latter 
limit; II/j appears virtually in all constructions of the p— adic theory of 
spherical functions. 

Opdam used the differential- ing'onomeinc theory in [01]; the ratio- 
nal theory alone appeared insufficient for (7.20). Its direct justification 
is known only in the A— case (Dunkl, Hanlon). 

Another approach (originated in [02]) is based on paper [GU] de- 
voted to the semisimplicity of the (non-afiine) Hecke algebras. It works 
for arbitrary finite Coxeter groups, that is beyond the frameworks of 
our method. 

Reversing, in a sense, [02] (or using [GGOR]), we can now apply 
the affine exponents to reprove the formula from [GU] in the crystallo- 
graphic case. Applications of the affine exponents are expected for the 
semisimplicity of the Ariki— Koike— Cherednik algebras and for similar 
algebras. It is related to the q ^ g'— duality of 11^, which will not be 
discussed here. □ 



7.4. Non-simply-laced case. Recall that we use the normalization 
i^sht = 1 for Ua = (a,a)/2 and = q"" ■ We will begin with the 
formula in the case of the root system 5„; are from the S— table of 
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[B], (e;,e^) = 25i^. Then 

i?+ ={sht : e^n = Cim + • • • + On, m = 1, . . . , 77,} and 

{lng_ : ei- em = ai + . . . ajn-i}, as > m > / > 1, 
{lng+ : ei + em = ai + ... + 2{a^ + ... + ; 

n 

(^m) Pk) = hht + 2(n - m)king, Pi = psht = ^ em/2 , 

m=l 



{{ei-em) ,Pk) = {m-l)king, p2 = Ping = y X^- rn)em, 

m=l 

((e« + Cm)^, Pfc) = hht + (2n - m - /)/Cing, = fc^htPl + kingp2- 

Let us separate the terms with j = 1 constituting the part of (7.9) 
without q. Recall that the factor t~^g^(/'''^+2pfe) jg disregarded in the 
definition of 11^: 

aeR+ j=l l-L (/q ) 

^ m=0 ^ ^ 

The numerator of the product part (t— pure part) of the latter formula 
is obviously divisible by the denominator. It is much less obvious for 
Qi/Q'2 (this follows of course from the construction in terms of the shift 
operator). Let Qi and Q2 be the reduced numerator and denominator 
upon reducing the coinciding factors but without the divisions, Q'^ 2 
the sub-products where all t— pure binomials are removed. Then 

n m—1 

(7.22) g; = (1 - g2fcsht+i) JJ JJ (1 - g2™Vg+2j) 

m=2 j=l 
im+crmj<2+2m 
X Y[ Y\. (1 - g2mfclng+2fcsht+«™+'^™i)^ 

mSM j=l,2,... 

M ={1,2,..., 2[n/2], 2[r2/2] + 2, 2[n/2] + 4, . . . , 2n - 2}, 

the j— step am is 1 for m = 2,4, ...,2[(n + l)/2] + 2, and 2 otherwise; 
the shift im is —1 for odd m and zero otherwise. 
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Let US give the list of exponents in the binomials (1 — q^'^) that 
appear in Q[ for n = 3: 

(7.23) (1 + 2/csht); (2 + 4A;ing); {2 + 6h^g), {4 + 6ki^^)- 
(1 + 2A:i,g + 2A;sht), (3 + 2/ci,g + 2k,^t); 

(1 + 4A;i,g + 2hu), (2 + 4A;i,g + 2A;,ht), 

(3 + 4A;ing + 2A;sht), (4 + 4A;ing + 2A;sht), (5 + 4A;ing + 2/csht); 

(2 + S/cing + 2A;sht), (4 + S/ci^g + 2A;sht), 

(6 + S/cing + 2A:sht), (8 + S/ci^g + 2/i;sht). 

The formula for the reduced denominator Q'2 reads as follows: 

n— 1 2m 

(7.24) = JJ JJ(1 -g'^sht+a-fclng+J)^ 

m=l j=l 

The number of terms here is n{n — 1). 

In the case of n = 3, the g— exponents of Q2 are 

(7.25) (1 + 2/Cing + /Csht),(2 + 2/Cing + fcsht); (l+4/cing + /Csht), 

(2 + Aki^g + /csht) , (3 + 4:king + hu) , (4 + 4/cing + /c^ht)- 

The number of factors in Q'2 is always smaller that in Q'^ by the number 
of positive roots |-R+| (9 in the case of B^). 

8. Affine exponents 

Continuing the previous section, we come to a general notion of the 
afRne exponents that are the exponents of the terms (1 — q^'^) in 
the reduced denominator Qi and reduced numerator Q2 of 11^ from 
(7.21). Affine exponents can be positive (from the numerator) or neg- 
ative (from the denominator); (7.23) and (7.25) give such exponents 
without the pure fc— terms for S3. The reduction is simple removing co- 
inciding terms in the numerator and denominator without performing 
any actual divisions. 

In contrast to the classical exponents (Coxeter exponents), the re- 
duced denominators Q2 can be nontrivial if R is not simply-laced; in 
the simply- laced case, only the factors {1 — t) appear in Q2- 
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Always, as in (7.15), the numerator Qi is divisible by the denomina- 
tor Q2, which is not quite simple to justify without the approach based 
on the shift operator (in the non-simply-laced case). As in the classical 
case, the total divisibility guaranties that the coefficients of the g, t— 
expansion of 11^ in terms of the q, t— powers Q'^tsht^ing a,b,c G Z+ 
will be from Z. Indeed, the final formula will be a product of terms 
in the form (1 — A"^)/{1 — A), where A is a. q, t— power, and also terms 
{1 — A) coming from the rational exponents. The latter terms, gener- 
ally, result in negative coefficients; the coefficients would be all from 
Z+ if the rational exponents were disregarded. The coefficients of the 
classical product Ur are from Z+. 

8.1. Rational exponents. In this paper, rational exponents play an 
important role. Their list is obtained from the list of affine exponents 
in the numerator Qi by removing the binomials that are divisible by 
some binomials in the denominator Q2. Only such exponents can lead 
to the k— roots of the product (7.21) provided that q is not a root of 
unity and imposing q"- Y[,y i^J = ^ =^ + ^^i^bi, = 0. More formally, 
rational exponents are the affine positive (from the numerator) expo- 
nents, such that the corresponding binomials are not divisible by any 
binomials in the denominator. There is one-to-one correspondence be- 
tween the non-rational exponents and the negative exponents (from the 
denominator), which makes this definition meaningful and also ensures 
that the number of rational exponents is always \R+\- 

Comment, (i) Concerning "integrality" of the g— expansion of 11^, 
we would like to discuss the formula for the graded multiplicities of the 
adjoint representation g of the simple Lie algebra q associated with R 
in the exterior algebra Aq. 

It was conjectured by Joseph in the simply-laced case that 

n— 1 n 

(8.26) 5^[A™0 : 0]g™ = (l + g^^)^(l + ^""'^')E^""^ 

m>0 i=l i=l 

a variant /generalization of a series of formulas on the structure of Ag 
due to Kostant and others. Bazlov extended it to the non-simply- 
laced case (which is nontrivial) and proved it in [Ba] by using the 
F— operators. 

(ii) He calculates the "non-affine" part of the expansion of fi and 
interprets a proper sum of the corresponding coefficients for a special 
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value oft as (8.26). See also [Ion], where the method is somewhat 
different and additional information can be found. 

We do not expect [Ba],[Ion] to be directly connected with our affine 
(or rational) exponents. Recall that the main part of 11^ comes from the 
principle value P_p(g~'''=), the q, t— dimension of Vp ; the latter does not 
appear in these two papers. However, the coefficients of the polynomial 
P_p are connected with the coefficients calculated in [Ba],[Ion]. It may 
be an indication that these papers can be extended and some variants 
of (8.26) may be used to interpret P_p(g~''*) and 11^. 

(iii) Some of the rational exponents appear in [Ba] and [Ion]. It is not 
surprising because the /c— zeros of rational exponents are the singular k— 
parameters , the values of k when V has a nontrivial radical Rad of the 
evaluation pairing { , }. To be exact, such zeros give the cases when 
the t— discriminant A"*, the t— anti-invariant for the non- affine Hecke 
subalgebra of from 7.1, belongs to Rad (which makes it nonzero). 
If ki, are replaced by the sets k^ + Z^, then the zeros of affine exponents 
describe all singular k. 

This interpretation of the rational exponents is in the case when all 
multiplicative relations among q, t^ come from the Z-relations among 
1, uky] generally, the affine exponents must be used, say, t can be C^q^^^ 
for C = ^ 1. 

Therefore the rational or affine exponents are inevitable in formulas 
that somehow require the non-degeneracy of the Macdonald polynomi- 
als and related structures. □ 

In the simply-laced case, as we know, the rational exponents are 
all positive affine exponents (from the numerator) with nonzero in- 
teger components j. They are {j + k{mi + 1), 1 < j < nii). For 
i?„, C„, F4, G21 the lists are given in the following theorem. 

Due to their definition, the product of the affne rational exponents 
(as they are, without 1 — q^'^) is proportional to the limit of (7.21) 
as g — > 1. So this product describes {X\a^R+ya){.(Wa&R+^a)), which 
generalizes Corollary 7.4 to arbitrary, possibly non-simply-laced, root 
systems. 

The products of affine rational exponents in the non-simply-laced 
cases are proportional to those from [DJO], Theorem 4.11. Recall that 
we process the product (7.21) combinatorially, by canceling coinciding 
factors as one does with the classical Hr. The "non-divisible" binomials 
(from the numerator) lead to affine rational exponents . 
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Comment, (i) The multiplicities of the rational exponents in the 
limit are the only lost information if the rational exponents are defined 
entirely within the rational theory, i.e., without the above approach 
via the rational affine exponents in the g, t— theory. The nontrivial 
multiplicities create technical difficulties for Opdam's approach. Due 
to the presence of 1 — q^'^ in the affine formulas, proportional rational 
exponents come from distinct factors in 11^ in our approach (unless 
for Dgyen^-)- The cases of nontrivial multiphcities in the limit 
follows.^ 

For Bn,n > 4, such pairs are {mki^g + j , lmk\^^ + / j} as 2 < /m < 
n,i /m ^ Z. For Cn, /cing must be replaced here by /cght- Also, the pairs 
of the rational exponents {l + 2A;ing + 2A;sht , 3 + 6A;ing + 6A;sht}5 {3 + 2A;ing+ 
2A;sht 7 9 + 6/cing + 6/Csht} for from (8.30) cannot be distinguished under 
the rational limit. 

These are the only cases when the multiplicities occur in the ra- 
tional limit for generic /csht,^ing (in the non-simply-laced case). If 
^sht = '^ing^ing (for instaucc, for A^D^E), then there are many mul- 
tiple exponents in the rational limit. 

We stick to the "combinatorial" (via g, t) definition of the affine 
rational exponents in this paper. 

(ii) Technically, the reduction of coinciding factors is somewhat sim- 
pler among the affine rational exponents, but the case of "divisible" 
(non-rational) exponents is not very different; see below. Note that 
the duality between the rational exponents of B and C from the theo- 
rem does not hold for the affine exponents (its certain affine counterpart 
exists but is of more sophisticated nature). 

However, Theorem 8.2 below shows that the strict duality holds for 
another affine extension of R, namely, for i? x Z = {[a, j]}. 

Under the rational limit, the rational B ^ C— duality simply reflects 
the fact that the rational Dunkl operators are fcsht ^ /cing— coinciding 
for B and C. Indeed, in the rational case, the construction of these 
operators does not depend on the choice of the affine extension of R. 

(iii) We define in this paper the affine roots in the form [a, Vaj] 
(with the i/^— factors) and introduce DAHA using the coinciding affine 
systems {R, R} for both, X and Y . This makes yti invariant under the 
action of the automorphisms t±,o' and simplifies other considerations, 
like the theory of the evaluation pairing {■,■}. Almost all results of 
this paper can be transferred to the case of the affine root system 
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R = Rx Z and, moreover, the for combination i?, R taken for X and 
for Y in the definition of 7U and related structures. Note that DAHA 
and the q, t— shift-operator from [C4]) were defined for the combination 
{R, R} of affine extensions. Such choice is exactly needed for the affine 
duality discussed below. 

There is also flexibility with choosing the lattices Q G B G P for X 
and the lattice between and for the generators Y. However, the 
choice of the lattices does not affect the definition of the shift-operator. 

□ 

Theorem 8.1. (i) The number of rational exponents is always \R+\ 
and they are all simple (unless for Deven)- In the Bn—case, the list of 
the corresponding powers in the binomials (1 — q^' ^) is 

(8.27) {2A;sht + 1}, {2mki^g + 2j , 2 < m < n, < j < m}, 
{2fcsht + 2mki^g -|- 2j -|- 1, 1 < m < n, < j < m}. 

Up to proportionality, the rational exponents in the Cn—case are ob- 
tained from (8.27) by the transposition /cing ^ A;sht- Explicitly: 

(8.28) {2/cing + 1}, {mfcsht + J , 2 < m < n, < j < m}, 
{2/cing + 2mksht + 2j + l,l<m<n, 0<j< m}. 

(a) In the case of G2, the list is: 

(8.29) {(l + 2A;i,g), (l + 2A;,ht), (1 + 3A;i„g + 3A;,ht), 

(2 3A;ing + Sfcsht), (4 + 3/cing + S/csht), (5 + 3/cing + 3/csht)}- 
(Hi) In the case of F^, the list is: 

(8.30) {(2 + 4A;i,g), (2 + 6fcing), (4 + 6A:i„g), 

(l + 2A;,ht), (l + 3A;3ht), (2 + 3/Csht), 

(1 + 2A;ing + 2ksht), (3 + 2A;ing + 2ksu), 

(2 + 8A;i„g + 4A;sht), (6 + 8A;ing + Ahu), (10 + 8A;ing + 4A;sht), 

(1 + 2ki^g + l/csht), (3 + 2A;ing + Ak^u), (5 + 2ki^g + Ak^ht), 

(1 + Ifcing + 4fcsht), (3 + 4/cing + Ifcsht), 

(5 + 4/ci„g + 4/csht), (7 + 4A;ing + Ifcsht), 

(1 + e/cing + e/csht), (3 + e/cing + e/csht), (5 + Qh^g + Qhu), 

(7 + e/Cing + e/Csht), (9 + 6/Cing + 6hht), (11 + e/Cing + 6/Csht)}- 
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□ 

8.2. The case of Cn- Now the inner product is (e/,em) = Sim and 
= { 2em, m = 1, . . . , n, and e; ± e^, n > m > I > 1 }, 

n 

((2e,„)^, pk) = hng + {n- m)ksht, P2 = Ping = ^ e™, 

m=l 

n 

((Q-em)^,Pfc) ={m-l)ksht, Pi = Psht = - m)em, 

m=l 

((e« + Cm)^, pk) = S/cing + (2n - m - /)/i;sht, pk = Kupi + ^ingp2- 
The complete formula for the product Ilg reads as: 

(8^31) n - ^^^'"""^"•) n 

a&R+ j=l l-L ya J 

^ n:.=2 nr=o' (i - r'-^^^') 

(1 _ qk,u)n-i Yi^^^o no<;^n;+r" " (1 - 

n—l J mod 2=1 
X JJ JJ (1 _ g2Vg+2mfc,ht+i) 

m=[n±l] l<j<2m+l 

n—l J mod 2=0 

X JJ Yl (1 - g^''i°s+^"'''«ht+i), 

m=0 0<jr<2m+2 

We did not separate the terms that come from the Poincare poly- 
nomial Ur and the terms that contain q; see (7.17). Generally, this 
product looks somewhat simpler than the one for S„. We do not have 
any statements about their connection. 

Let us give the formula for the number A^_(C„) of negative affine 
exponents (i.e., in the denominator): 

iV_(C„) = n-2+ [^][^]/2 + [-^f. 

Respectively, A^+(C„) = |/2+|+iV_(C„) = n^+N_{Cn). These formulas 
for Bn are very different: N_{Bn) = + n + 1; see (7.24). 
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8.3. The case of G2. We will give the complete formula for the affine 
exponents in the G2~case. The following is the list of the fc— heights 
(a^,Pfc) in the notation of [B]: 

short ai, («^,Pfe) = hu, 

short ai+ 02, {a^ , Pk) = ^hng + hht, 

short 2ai + 0^2 , («^, Pk) = ^kng + 2A;sht, 

long ^2, («^,Pfc) = /^Ing, 

long 3ai + 02, (a^,Pfc) = /^ing + ksu, 
long 3ai + 2^2, (a^, Pfc) = 2A;ing + hht, 

(8.32) pfe = (2ai + a2)^sht + (3ai + 2a2)/cing- 

Recall that the normalization is (ai,ai) = 2. 
The 12 affine exponents in the numerator are: 

(8.33) (6fcing), (3 + 6A;ing), {2hu), {l + 2hu), 

(1 + 3A;ing + 3A;sht), (2 + 3A;ing + 3A;sht), (4 + 3A;ing + 3A;sht), 
(5 + 3/i;ing + 3A;sht)) (9A;ing + 3/i;sht)7 (3 + 9A;ing + 3/Csht), 
(6 + 9hng + 3A;sht), (9 + 9hng + Sh^t)- 

The 6 affine exponents in the denominator are: 

(8.34) {(3/cing), ihht), (3/i;ing + /i^sht), (1 + 3A;ing + /csht), 
(2 + 3/cing + ksht), (3 + 3/i;ing + hu)}- 

8.4. The case of F4. In the notation of [B], the roots are 

Ing: 1000, 0100, 1100, 0120, 1120, 1220, 
0122, 1122, 1222, 1242, 1342, 2342, 

sht: 0010, 0001, 0110, 0011, 0111, 1110, 
nil, 0121, 1121, 1221, 1231, 1232; 

(8.35) ( abcd^ , pk) = L^gi^^ + ^)^ing + ^^sht(c + d)ksu, 

^ ^abcdi ^lng,sht 2 ^sht,lng) ^lng,lng 1 ^sht,sht- 
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Let US give the list of the corresponding {a^ , pk) : 

Ing: felng, k\Y^g, 2A;ing, /Clng + ^shtj 2A:ijig + fcsht) 3A;ing + /Cshtj Mng "I" ^/Csht) 
2felng + 2A;sht, 3/cing + 2/Csht) S/ci^g + S/Cshtj 4A;ing + S/Cshtj Sfcing + 3/Cshti 

sht: /csht; ^sht; 2A;ing + /f^shtj 2A;sht) 2A;ing + 2A;sht5 4A;ing + /^sht; 4A:iiig + 2/cght) 
2A;ing + S/csht, 4/cing + S/csht, 6A;ing + 3/csht, 6/i;ing + 4A;sht, 6/cing + 5/csht- 

The 47 affine exponents in the numerator: 

(8.36) (4A:i„g), (2 + 4/cing), (6/cing), (2 + 6A;i,g), (4 + 6A;i,g), 
(2A:,ht), (1 + 2/Csht), (3/Csht), (l + 3A;sht), (2 + 3/Csht), 

(1 + 2/cing + 4/i;sht), (3 + 2A:ing + 4/i;sht), (5 + 2/i;ing + 4/csht), 
(S/cing + 2A;,ht), (2 + S/cing + 2/csht), • • • , (8 + ^hn^ + 2A;sht), 
(4A;i„g + 4/i;,ht), (1 + 4A;ing + 4/c,ht), • • • , + ^hn^ + ^Ku) ^ 
(Sking + 4A;sht), (2 + Sfci^g + 4fc,ht), . . . , (10 + S/ci^g + 4/csht), 

(1 + e/Cing + e/Csht), (3 + e/Clng + 6/Csht), . . . , (11 + efclng + Gksht), 

(12A;ing + e/csht), (2 + 12A;ing + e/Csht), • • • , (16 + 12A;i„g + 6A;sht)- 

Note that the integer step here is 1 for 2A;sht,3/csht and (4/cing + 4A;sht) 
or 2 otherwise. 

The 23 affine exponents in the denominator: 

(8.37) (2/cing), (2/i;ing), (/Csht), (/i^sht), (2/i;ing + hht), (1 + 2/Clng + /Csht), 

(2 + 2/i;ing + A:sht), (2A:ing + 2/i;sht), (2 + 2A:ing + 2A:sht), 
(4/ci„g + /csht), (1 + 4A;ing + /Csht), • • • , (4 + 4A;ing + /csm), 

(6fcing + 3/Csht), (1 + 6/Cing + 3/Csht), (8 + 6/cing + 3/i;sht) • 

8.5. AfRne duality. Without going into detail let us formulate the 
theorem about the variant of 11^ for another choice of the affine ex- 
tension of -R; let R = {[a G -R, j G Z]}. For such affine system, the 
factors do not appear in the integer components of the affine roots 
and, respectively, we will not need in the formula for 11^. 

There is no change in the simply-laced case, so only the non-simply- 
laced systems are sufficient to consider. We come to the following 
variant of the previous construction. 
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The corresponding DAHA and the shift-operator will be now for the 
pair of affine root system {R, R} used respectively for X, Y as in [C4]. 
The connection with the radical of V is very much the same as it is 
for {R,R}, which is the only case considered in this paper (Theorem 
11.8). The duality below is a variant of the Langlands duality and is 
directly related to the Fourier transform for DAHA of type {R, R}. 

For this combination of affine extensions, the composition 3^ o A" is 
invariant with respect to the DAHA— Fourier transform (treated as an 
abstract anti- involution); this leads to the required duality. 

The rational DAHA do not depend on the particular choice of the 
pair of affine root systems and rational exponents remain the same for 
any such choices up to proportionality. The corresponding binomials 
in H^ are (1 — exp}y^ upon the substitutions ta = Q'^", they can 
be different from those in H^, where we set ta = q""''". Note that 
the binomials in terms of ting, ^sht only (without nontrivial powers of q) 
remain the same as for H^ ; the Poincare polynomial is unchanged. 

Theorem 8.2. (i) In the cases C„, -F4, 6*2, the product 



1.38) Hs= n ((l-g'="+("''^+''^)) n ^7Y^ 



is a regular junction with the corresponding rational exponents that are 
proportional to those from Theorem 8.1 for H^. The affine duality 
holds : 

H^ ( g, fcing, /Csht ) = ( g, /Csht, hng )■ 

(a) The U^— product for Bn equals 

with "^"'"2""^ negative affine exponents. The proportional pairs of ra- 
tional exponents here are {mk\^^ + j, Imki^g + Ij} as j/m ^ Z and 
Im < n,m > 1. 

(Hi) The affine exponents for G 2 are 

(8.40) positive: (2A;ing), {2k,ht), (1 + 2A;ing), (1 + 2A;sht), 

{(j + 3A;ing + 3A;sht), j = 0, 1, 2, 3, 4, 5}, 

negative: {ki^^), (/csht), (^ing + ^sht), i)- + hng + Ku) , 
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with 10/4 positive/negative exponents. All rational exponents are 
pairwise not proportional. 

(iv) The affine exponents for F4 are (/fcing + sfcght + j), where j = 
0, 1, ...,/ + s — 1 and 

(8.41) positive : [Is] E {[20], [02], [30], [03], [24], [42], [44], [66]}, 
negative: [Is] G {[10], [01], [10], [01], [12], [21], [11], [33]}, 

with 42/18 positive/negative exponents. The proportional pairs of 
rational exponents are {[44] + 2, [66] + 3} and {[44] + 6, [66] + 9}. □ 

9. The chain of intertwiners 

We are going to develop the technique of intertwiners aiming at de- 
composing the polynomial representation V when the action of the Y— 
operators is non-semisimple. We will start with some basic properties 
of the generalized eigenvectors. 

Recall that Cjj = c — u~^{pk) = iicii—Pk)) for c E B, where the affine 
action ((■)) from (1.29) is used. For instance, — Oj = pk- See (6.10) and 
(6.9). 

9.1. Generalized eigenvectors. This section is for arbitrary nonzero 
q, t including the case when q are roots of unity. Almost all statements 
will require the constraint t^ 7^ 1. For instance, we will constantly use 
that 

Ha T ''a Ha ~ ^■ 

Sometimes t,^ 7^ ±1 will be needed; later it will be imposed perma- 
nently. There will be also quite a few claims that hold for generic q 
only; this condition will be stated explicitly. 

The space of the generalized eigenvectors V°° (^) C V correspond- 
ing to a given weight ^ = — cu is as follows: 

(9.1) V^(0 = {vEV I (F, - q^^'^^Yiv) = 0}, 

v(0 = v^(0, v°°(0 = u.>oV^(0, 

for all a E B. 

The symbols q^ and the weights C, are always identified if the corre- 
sponding characters a q("-'0 coincide for a E B. 

The spaces V(— Cjj)°° are finite dimensional for generic q and infinite 
dimensional when g is a root of unity. The dimension of the space 
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V(— ctt)°° equals the number of b satisfying (9.1). Given an arbitrary 
one-parametric deformation q\ {t^} of q, t which makes the polynomial 
representation semisimple, the space V{—c^)°° is the limit {g' ^ q, t^ ^ 
t} of the linear space that is the direct sum 

®Qg>,t>El such that = 

for the Macdonald polynomials El defined for q\t^. 

The limit is defined in a sense of vector bundles over curves, to be 
exact, over a small one-dimensional disc with the center at q, t. We will 
call this limit flat limit. The corresponding space is the linear span of 
the limits of all linear combinations of El divided by proper powers of 
the deformation parameter. Obviously, V = ©cV(— cj)°° for pairwise 
different g"*^" (i.e., if the characters g~('^'^8) are different for a E B). 

The space V(— cjj) always contains at least one Macdonald polynomial 
Ec- Indeed, one can take c = c° assuming that 

(9.2) q-"^ = q'^i and ^ q'"' for all b such that B 3by c°. 

Under this assumption, there is a unique F— eigenvector of weight — 
in the space ®btc°Qq,tXb', it is proportional to Ec°. We will call such c° 
primary elements; they exist for any c. 

We are going to apply the simple intertwiners Pr, from (6.15) to 
the spaces V(— cjj) following (6.21). The Pr are always well defined and 
invertible. The intertwiner \E'j is not well defined in V(— cj) if and only 
if fpQjj^ (6.19), an element in the non-affine Hecke algebra H, is 
infinity. The latter occurs exactly when 

(9.3) qia\c-+d)-{a\p,) ^ 

where we set 

a = Uc{ai) and a = Uc{ai) for i > 0, a = Uc{—^) for i = 0. 

Sometimes it will be convenient to renormalize the \E'— intertwiners 
as follows: 

(9.4) = ■ {Y-^ - 1), P^ = Pr, 0<i<n,r E O. 

Given w E W, the corresponding \E'^— intertwiner \E'^ maps V*(— cj) 
to V^(— 6j) for b = iB((c)). In contrast to "^w, the intertwiners \E'|j are 
always well defined, although they can be non-invertible and identically 
zero in some V(— Cjj). 
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9.2. The polynomials. Let Vq = Qg,tl C V. Given a reduced 
decomposition tTc = UrS^ ■ ■ ■ Si-^ for c E B, we define Vc by induction as 
follows. _ _ _ 

(a) Let Vb = ^^iiVc) = ^^(K) for b = Si((c)) unless e H is infinity. 

(b) If e H is infinity, i.e., (9.3) holds, then H = Vc + T+{Ti){Vc). 

(c) For TTr eU^ = {TTr, oJr G B} , let Vfc = Pr{Vc) , where b = 7rr{{c)). 

Note that (ctj, c + d) 7^ if and only if SjVTc is represented in the 
form Tib. This always holds for (6). Indeed, using 5 = Mc(aj), one gets 
(aj, c + (i) = ^ (5, c_ + (i) = 0; the latter is impossible due to (9.3). 

Given a reduced decomposition, tTc = vTrSj, ■ ■ ■ Sj^, we set 



Equivalently, the elements Si^ from (9.6) are singular, that is G -R''; 

see the definition of in (9.7) below. The intertwiner \Efj will be 
called singular too. 

Given c E B, we define the non-semisimple polynomial Ec G Vc to 
be proportional to 



Note that always \l/ip(i?c) = if (a^, c + d) = 0, i.e., when SjTTc ^ tt^. 
It may happen only for non- singular Si^, i.e., when (9.5) holds. In 
contrast to the semisimple case, the specializations \E'^ are sufficient 
only as dimV^ = 1. Generally, the whole \Efj in terms of Y from (6.15) 
have to be involved. ^ 

The definition of Ec can be naturally extended to possibly non- 
reduced decompositions of Hc- In this case, the notation will be El; 
we call these polynomials non-semisimple non-reduced. 

We will mainly need polynomials and y— spaces for reduced de- 
compositions. Note that these polynomials are defined so far only up 
to proportionality and depend on the choice of the decomposition of 
TTc- The y— spaces depend on the particular choice of the reduced de- 
composition too but their dependence can be controlled, as we will see 
later. 



(9.6) 



(9.5) 




P,vl>,,---vl>,^---vl>,^(l). 
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Given a decomposition of an arbitrary w G W, one can introduce Ec 
and El for c = ^((0)) in the same manner; this definition coincides 
with the previous one if w = Hc is taken. 

Generahzing, this construction can be originated at a given Macdo- 
nald polynomial E^ instead of Eq = 1. For instance, one may begin 
with primary c = c° from (9.2), when g""^" ^ g~^tt for all a >- c°. Given 
c, we define Eb for a decomposition of w such that u?((c)) = b. The same 
notation E^ will be used we will explicitly mention the chain origin if 
necessary. The reduced decompositions of w = HhTT^^ will be mainly 
needed, i.e., those satisfying l{w) = liji,) — lijXc); otherwise f will be 
added. _ _ 

We call the resulting sequence . . . ,Ec = E^} a chain originated 
at Ec- The same terminology will be used for the chains of y— spaces 
{H,...,K = Q,,iEj. 

Concerning the relation to the spaces of generalized vectors, it is ob- 
vious that Vc C V(— Cjj)°°. The main advantage of Vc versus V(— Cjj)°° is 
that the former are defined "locally" , following a decomposition of tt^. 
The spaces of generalized eigenvectors are defined "globally" . Also, ge- 
nerally, Vc are smaller than V(— Cjj)°°. For instance, the spaces V(— cj)°° 
are infinite dimensional when g is a root of unity; the spaces Vc are al- 
ways finite dimensional. Here a natural challenge is to make the spaces 
{Vc} generating the whole V (and containing Ec in the semisimple case) 
as small as possible. 

9.3. The spaces Vc- A demerit of Vc is that they are not limits of any 
natural spaces in semisimple deformations of V and may depend on the 
reduced decompositions. We will introduce a somewhat greater system 
of finite dimensional spaces Vc that are such limits and depend only on 
the corresponding c. Their puUbacks will be defined in terms of the 
right Bruhat ordering from Section 4 and Theorem 4.2. The sequence 
of necessary definitions is as follows. 

First, let us introduce a root subsystem (Z R using the relation 
(9.3) for c = 0: 

(9.7) rO ^ {5 = [c,, u^j] e R I q-'^^-(^'P^) = g^-(""'''^) = 1}, 
explicitly, qi J] ^^^"'''^^ = 1 for = ^ a. 
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Recall that the latter product contains only integral powers of tsht and 
ting since (pfc, a() = ki = for z > 0. 

Obviously is a root subsystem of R, it is closed with respect to the 
addition and subtraction (if the result is a root). Note that, generally, 
it is not true that -R° is an intersection of the Q— span Q(-R°) and R. 
Indeed, let < g < 1 and 

(9.8) t, = Cg^, e (l/iV.)Z, = 1 for G N. 

We may assume that is a primitive A'^^-th root of unity for N'^^ \ Ny. 
Then (9.7) is equivalent to 

(9.9) j — (a^,pfc)=0 and \ {a^ , p) for z/ = i/q. 

The divisibility conditions N'^^ \ {a^ ^ p) may not be compatible with 
taking fractional linear combinations of 5 = [a, z/^j] G R^. Concerning 
root subsystems, see Section 4. In the absence of the roots of unity 
Cv, when Nl = 1, the first equation in (9.9) has a solution if and only 
if (a^,pfc) is in Z+ (in G N as a < 0); generally, this involves divis- 
ibility conditions too and may be incompatible with fractional linear 
combinations. 

Second, given c E B, we take tti, G B^^tTc), i.e., Hb is obtained from 
a reduced decomposition vTc = UrS^ ■ ■ ■ Si^ by striking out some of the 
simple reflections Si such that 5^ = Sj^ ■ ■ ■ Sj _j (a^) belong to R^. Then 
we pick certain reduced decompositions of the elements vTf, and construct 
the corresponding polynomials Eh- Recall that Eh = "^tj^^^I). 

The little generalized eigenspace Vc can be defined now as the 
linear span of Eb introduced above for the elements b E B. 

Third, Vc in the semisimple case is constructed as follows. For an 
arbitrary one-parametric deformation g', of q,t that makes the 
polynomial representation semisimple, the space is defined as the 
direct sum 

for the Macdonald polynomials El defined for the (generic) parameters 

Due to the definition of the i?— polynomials and thanks to Proposi- 
tion 1.6, 

and the projection onto the leading monomial Xc is nonzero here. 
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Theorem 4.2 guarantees that does not depend on the choice of 
the reduced decomposition of tt^. 

Main Theorem 9.1. (i) The flat limit {g' ^ q, t^ ^ t} of the space 
VI does not depend on the choice of the one-parametric deformation 
and coincides with Vd this limit is defined in a sense of vector bundles 
over a disc at q, t. In particular, Vc does not depend on the choice of 
the reduced decompositions of the elements iri, needed in the definition 
ofE,. 

(a) Given a reduced decomposition of tTc, the polynomials Ec belong 
to ®aycQq,tXa ^nd havc a nonzero leading component; from now on 
they will be normalized by the relation 

(9.10) E,-X,^®a^Mq,tXa. 

The polynomials {E{,{7i{, G B^i^iic))} are linearly independent and form 
a basis ofVc for any choices of the reduced decompositions ofni,. 

(Hi) The space Vb defined for reduced Hb = SiHc, i.e., when /(vTfe) = 
/(tTc) + 1, satisfies the property Vc + T^iTi){yc) C Vb if (9.3) holds (case 
(b) above); Vb = Vc + T+{Ti){Vc) for such Sj. In particular, the space Vc 
belongs to Vc for any c G B; also dimVb >dimVc and dimVb >dimVc. 

(iv) The dimension of Vb for a reduced iVb = Siiic decreases if and 
only if = T^{Ti) — t]^"^ , i.e., when 

and also there exists tt^ G B^{'Kc) such that Siiia ^ ttb for a certain 
a E B, equivalently, ( + d) = 0. 

(v) For invertible dimVb=dimVc and dimVb=dimVc. When ti ^ 
— 1 and = T+(Tj) + i.e. when 

(9.12) ^{a- ,c^+d)~[a\p,)^k^ ^ 

dimVb >dimVc if and only if there exists w' G B'^^Hc) such that w' = 
SiTia, l{w') = /(vTa) + 1 for a Certain a E B and w' ^ vr^. 

Proof. Let tTc = UrSii ■ ■ ■ Sj^ be a reduced decomposition. For any 
q', t', one can introduce the polynomials 

where is either or r+(T'jp) according to (9.5), namely, 
where either 5^ = ■ ■ ■Sip_j(ajp) ^ or G 
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Using the definition of 

Tliese formulas express T_^(Ti^) in terms of the F— intertwiners they 

hold for -E^''*' ^'^y -^b '* ' where tti, G B'^{Trc). Since the Macdonald 

polynomials are F— eigenvectors, we readily obtain that the polynomials 
'* belong to for such b. The limits of these polynomials are exactly 
Eh by construction. 
We see that 

(9.13) E, e (BatcQ,,tXa, 

and that the projection of Ec onto Qq^t^c is nonzero. The next lemma 
makes this fact explicit and also shows that the latter claim formally 
follows from (9.13). 

Lemma 9.2. For b,c,w satisfying ti^ = wtTc subject to /(vr^) = l[w) + 
/(tTc), i.e., if Tib = ujTTc is reduced, the monomial Xi, appears in "^q^Ec) 
with a nonzero coefficient. 

Proof. It suffices to consider w = Sj. Let (a^, c + d) > 0. It is straight 
to check (see below) that, given i > 0, the non-affine simple intertwiners 
transfers the space from (9.13) to that for Sj((c)) = Sj(c), because 
so does Tj. However this argument is not applicable to \l/o; this is the 
main part of the claim. 

First, we assume that the intertwiner is not infinity, i.e., is 
non-singular. There are two subcases, i > and i = 0. Let us begin 
with i > 0. Then \l/j(Xc) satisfies (12.35) for b and 

When z = 0, we follow the end of the proof of Theorem 5.1 from 
[C7] (see also Theorem 6.4 above) and come to the same relation with 
the coefficient t- "'^/^g('='^)/2-{'''^)/2 instead of t ^ Here it is sufficient to 
know that \l/j(i?c) is a linear combination of X^ modulo lower terms; 
then we only need to calculate the coefficient of X^ in (r+(To))(Xc). 

Second, let be infinite (singular). The consideration is analogous. 
For i > 0, the element Tj maps 

®atcQg,tXa ^ ®atbQg,tXa. 
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For i = 0, we use again that the unwanted terms Xa will not appear 
when is apphed; then the coefficient of in t^(Tq){Xi,) is calcu- 
lated. 

□ 

The consideration of the leading terms readily gives that the poly- 
nomials '* for TTft e S°(7rc) form a basis of and {Eb} is a basis of 
the limit of V^- Therefore the latter does not depend on the choice of 
the one-parametric deformation and limV^ = Vc- 

As a by-product, we obtain that the latter space does not depend 
on the choice of the reduced decomposition of tTc. As we will see, the 
interpretation of Vc as a limit is not necessary here; this fact follows 
directly from Theorem 5.2. 

Thus claims (i) and (ii) are checked; (iii) results from Theorem 
4.2,(e). Claims (iv,v) are straightforward; we use that (9.12) and (9.11) 
are invariant under the action of and crossing out singular reflec- 
tions in TTc. 

For instance, V;, can become smaller than Vc for reduced tt^ = SjTTc if 
and only if there exists vr^ G B^{7rc) such that SjTTa ^ ttb for a certain 
a E B, equivalently, (ctj, a + d) = 0, equivalently, ±7r~^(aj) is a simple 
non-affine root. The latter means that (9.11) holds. □ 

9.4. Further properties. Let us begin with some applications to the 
Macdonald polynomials. Given c E B and a reduced decomposition 
TTc = TirSii ■ ■ ■ Sij^, wc have the following embeddings: 

(9.14) C Vc C V(-c«)°°. 

The dimension of V(— Cjj)°° equals one if and only if the coset HcW^ [—Pk] 
does not contain the elements in the form iTb for b ^ c, where 

In this case, the eigenvalue q~'^* is simple and the Macdonald poly- 
nomial Ec exists. All such c are primary, but, generally, the set of 
primary c = c° is broader; see (9.2). 

Note that if tTcW^ does not contain the elements tT}, for b ^ c for 
= {sa I 5 G R^) (see Proposition 4.1), then dimVc = 1. Since 
bye for such b, primary c = c° automatically satisfy this condition. 
Also A(7rc) n = ^ dimVc = 1, i.e., the dimension is one if there 
are no singular Sj^ in reduced decompositions of vTc. 
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Generally, dim Vc = I if and only if there are no elements in the 
form of TTf, in the set B'^{tTc). Any Vc contains at least one Macdonald 
polynomial; indeed, Ec° for any primary c° (there can be several for a 
given element c) can be taken. 

The equality dimVc = 1 guarantees that Ec exists and does not de- 
pend on the presentation of V as a limit of the generic semisimple 
polynomial representation V'. The equality dimV"c = 1 gives that the 
Macdonald polynomial Ec exists, i.e., is a F—eigenf unction, have the re- 
quired structure of its monomials and a nonzero leading term, however 
it may depend on the choice of the limiting procedure. 

If the limit of -E^''*' exists only for a certain choice of the deforma- 
tion parameter then this limit is an eigenvector from the F— eigenspace 
Vc n V(— cj). As a matter of fact, the whole space Vc with the filtration 
corresponding to >o is such a limit if we switch here to more gen- 
eral understanding of the limiting procedure (involving induced ftt— 
modules). 

Thus: 

(9.15) dimV; = 1 <= dimVc = 1 ^ c = c° ^ dimV(-cs)~ = 1, 
dimVc = 1 existence and total uniquiness of E^. 

Let us check that dimV(— Cjj)°° = 1 for sufficiently big c G -B if g is 
not a root of unity and, therefore, Pfc] is finite. Recall that 

VTc = cu~^ = u~^C- for c_ = Uc{c) G -B_ , u & W, 

Ctt = c - u~^{pk) = 7rc((-pfc)), -Ob = pk, 

where the affine action ((■)) from (1.29) is used. 

The following condition is sufficient for dimV(— Cjj)°° = 1: 

(9.16) (c_ + [w]b, at) < for alH > and all w G W^[pk], 

where we use the decomposition w = [wj^ with [w]h G B, [w]u G 
W. This condition means that c_ + [w]b is anti- dominant for all w G 
iy''[pfc], which always holds for sufficiently large b provided that iy''[pfc] 
is finite, equivalently, q is not a root of unity. Let us check it. 

First, [w]u 7^ id for H^''[pfc] 3 w id; otherwise [w]b + Pk = Pk and 
[w\h = 0. Second, 

TTcW = {u~^[w]u){[w]~^{c-. + [w]b)), HcW E ttb [w]~'^ {c- + [w]b) G 5_. 
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The latter and relations (9.16) imply that [w]u =id. 

Replacing here the complete stabilizer W^[—pk] by its subgroup 
we obtain the following criterion for dimVc = 1 provided that q is not 
a root of unity: 

(9.17) (c_ + ai) < for all i > and all w G , 

where w = [wlblwlu is defined as above. 

10. The structure of Vc 

The following proposition provides exact tools for calculating the 
spaces V(— Cjj)°° and Vc- 

10.1. Multiplication in ttb- We continue using the decomposition 

w = [w]h[w]u with [w]u G W and [u}]^ G B and other notations from 
the previous section. 

Proposition 10.1. (i) The element tIcW for c E B^w E can he 

represented in the form Tib if and only if the following three conditions 
hold for every a G -R+, 

(a) w{a) ^ — [-R+,Z+], equivalently, 

\{u) n X{w) = 0, where u = [w]u, 

(b) if w{a) = [-p,joiy/3] for /5 > 0,jo > 0, 

then [-PJoi^is] ^ A(7rc), 

(c) if w{a) = [l3,-joi^/3] for /5 > 0,jo > 0, 

then [-PJoi^is] e \{tTc). 

Here up = Va in (b,c). Imposing (a), the roots a G R+ satisfying (b) 
constitute all \{u) 3 a ^ ^iw), (c) describes all \{w) 3 a ^ X{u). 

(a) Let q be not a root of unity. Then the elements w G Pfc] 
have pairwise distinct W— projections u = [w]u; also, the elements [z,j] 
from the Z—span of have pairwise distinct z— components. For 
instance, u =id ^ w =id and, given w G p^], the component 

joVp in (b) or (c) can be uniquely determined from the relations 

ib') :[/? + «, -3oM G Q\ (c') : [/5 - «, -j^Up] G g°. 
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Condition (a) holds for any w G p^] if 

(10.18) (z+/csht + z+k^^) n z+ = {0}. 

(Hi) If q is not a root of unity and (a) holds for w = bu E W'''[—pk\, 
then TTcW is not in the form Hb if there exists at least one a G -R+ such 
that (3 = —u{a) > and also 

(10.19) [-/?, G A(7rJ for j>0 satisfying [p + a, -jvp] G . 

Let pA;]a be the set of elements w from W^[—pk] under condition 
(a) and [W^[—pk]a]u the set of their W— projections. If \{tIc) contains 
at least one [—(3,jVfB\ for every (3 = —u{a) satisfying (10.19), where 

u G [W^\-Pk]a]u, then dimy{-c^)'^ = 1. 

(iv) Given w = bu E W^[—pk]a, let us assume that (Hi) does not 
hold, i.e., no a exist satisfying (10.19) for w and u = [w]u. Then 
is not from hb if O'nd only if there exists at least one a G R+ such that 
P = u{a) > and 

(10.20) jz//?] ^ A(7r,) for j >0 satisfying [p - a, -jvp] G g°. 

When Tie =id, (izm V(— Ojj)°° = 1 if and only if a satisfying (10.20) 
exist for the W— projection u = [w]u of every element w G VT^'f— Pfc]a- 

Proof If w{a) = [—Pj—jub] for /3 > 0,j > 0, then a G X{w) but 
—a ^ w~^{X{tTc) because —a = w~^{[P, joi^is]). Thus a will appear in 
A(7rc'u;) and the latter set cannot be in the form X^iTf,) for any b. Recall 
that \{7icw) is obtained from w'^^X^tIc) U A(7rc) by removing all pairs 
{5, —5}. 

Condition (6) describes a G R+ that may appear in X{ncw) because 
of w~^{7ic)] here w~^{[—P,joi^i3]) = a and [—P,joi^i3] must not be from 

A(7re). 

Condition (c) gives a from X{w); here w~^{[—P,joi^p]) = —a and a 
will not appear in X{ncw) only if [— /3, joi^/?] G X^TTf,). 

Note that if j > jo under (c), then m;~^([— /5, jV/j]) becomes a positive 
root with the negative non-affine component a; such roots can appear 
in TTfo. 

The equivalence from (a) and the interpretation of (6, c) under X{w)n 
X{u) = follow directly from w{a) = bu{a) = [u{a), —{b,u{a))]. 
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As for (ii), given u E [W^[-pk\]u = W n iW^[-pk] B), there exists a 
unique (u G Pfc] such that w = bu for a certain b E B, since q is 

not a root of unity. It is analogous for (5°. 

Let us assume that (Z+/csht + Z^ki^^g) fl Z+ = {0}. For instance, the 
conditions ^{k^) < for all u are sufficient to impose. If (a) does not 
hold for such k, i.e., w{a) ^ [— /9, — jV^] for {a > 0, /3 > 0, j > 0}, then 

(a, -pfc) = -jV/3], -Pfc + c?) = pfc) - jvfi 

and (a + /?, Pfc) = > 0, which is impossible; see (9.7). 

Claims (iii) and (iv) correspond respectively to cases (6) and (c) for 

Claim (iii) from the proposition gives that the eigenspace V(— Cjj)°° 
is one-dimensional for "sufficiently big" c, (iv) gives that dimVc = 1 
for "sufficiently small" c (see below). We will mainly need (iii). 

Comment. We note that (i) can be used in the theory of Schubert 
manifolds of the affine Grassmanian defined for the maximal parahoric 
subgroup in the corresponding loop group. □ 

Let us switch to the spaces Vc, which requires changing p^] 
to . This reduction reduces the number of possibilities for u in 
applications. Recall that is defined entirely in terms of from 
(9.7) and is, generally, simpler to control then the whole centralizer 
Pfc] of pfc in . Also, the Bruhat ordering vTcM <o vTc is simpler 
for such u] see Theorem 4.2 and Proposition 4. 5, (iii). 

Corollary 10.2. We employ the proposition as q is not a root of unity 
switching to the set = fl Pfc]a- U for every u = [u\u for 

u G W^]u such that nja <o Hc, the set \{tIc) contains at least one 
[— /3, jz/^] with P = —u{a) > satisfying (10.19), then dimVc = 1- 

(i) Let us assume that Xijic) contains the set R\[—] = r\ /?+[—], 
where 

(10.21) R+[-\ = {5 = [-a,jz/Q,], a > 0, j > 0} and 

(10.22) ^{a= [-a,ju^] G R \ = 1 }. 

Let j = in (10.22) occur for simple a only, for instance, this always 
holds as tu are not roots of unity. This condition implies that [—(S^jvfs] 
from (b) belongs to R\[—] if and only if a = Ui for some i > 0. Then 
dimVc = 1 and, moreover, X^tTc) contains R^ . 



126 



IVAN CHEREDNIK 



(ii) Continuing to impose that j = in (10.22) holds for simple a 
only, let S he a subset o/ {1, 2, . . . , n}. The root lattice Q for R will be 
used. We assume now that 

(10.23) g^^fe ^ g*^, where 2pl = ^ /c^a, for all elements 

u e = {w eW \ X{u) n {ai, . . . , «„} = i e S}. 

Then dimVc' = 1 and, moreover, X{nc') contains for any tTc' such 
that \{nc') contains all roots [— /5, jV/j] G ] unless (3 is in the form 
-u{ai) forieS and for u e C Wf . 

Proof. The first claim is from Proposition 10.1, part (iii), wliere 
u G is taken. Tlie statement tliat A(7rc) contains formally 
follows from the relation dim Vf, = 1 if the latter holds for all b such 
that A(7rc) C \{iTb)- Indeed, if ^ A(7rc) then there exists b such 
that l{7ib) = /(TTftTT^^) + /(vTc) and A(7rfe) \ A(7rc) contains singular a. 
Therefore, dim > 1 for such b with a singular last root in A(7rfe). 

Let us check (i). The second condition concerning j = readily gives 
that u{a) = [—P.ji'p] G -R+[— ] under {b) (from the proposition) holds 

for a G R+ and that u G W^[pfc]'' if and only if a = —u~^{(3) is a simple 
root. ^ 

Let u G W^. Then there exists at least one simple ai G X{u). 
Recall that (a) from Proposition 10.1 is imposed (see the definition 
of W^). Following (10.19) from (iii) (corresponding to case (6) from 
this proposition), we take —(3 = u{ai) for u = \u]u and extend it to 
[— /3,jz//3] G -Rj*,.!— ]. Since A(7rc) contains a// elements from -R+[— ] by 
assumption, (i) is verified. 

The demonstration of (ii) is a variant of the same argument. If A(n) 
contains at least two simple roots, then we can proceed as in (i); recall 
that Wf is the set of w G TV such that X{u) contains exactly one simple 
root ai for certain i G 5*. The elements tTc'U for u with u ^ Wf cannot 
be represented in the form iib by assumption. Concerning u G , 
the existence of its extension u = bu E W^[—pk] is equivalent to the 
"g— integrality" of 2p1 = pk — u{pk), namely, to the relation 

(10.24) qPk~u(p,) ^ ^2pi ^ ^Q^ 



which is not allowed in (ii) for i G 5. 



□ 
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10.2. The semisimple submodule. Let us assume that q and {t^} 
are not roots of unity and, also, q'^ t^" = 1 implies a + J2i^ i^KK = 0. 
Then (10.22), (10.23) read respectively as 

(10.25) = {a = [-a,jiy^]eR \ K + J + {a"" , p^) = 0}, 

(10.26) 2pl = k^a ^ Q for all u E Wi. 

oeA{«) 

Here 2p^ belongs to Q if and only if u = bu E W^[~pk] exists; m is a 
unique puUback of such u (if it exists). 

We assume that q, t satisfy this condition in the next theorem to 
make its statement more transparent; generally, the "g— integrality" is 
sufficient to use instead of the condition for —(3 below, namely, 

P+up1+ p J?4[_]+i?'|[_] ^ 0^ 



Theorem 10.3. Continuing part (i) of Corollary 10.2, we impose the 
inclusions R\ C A(7rc), which result in dimVc = 1 and R^ C A(7rc). 
Let Vss be a linear space with a basis = E^.. We also impose 
(10.23) from (ii) for u G Wl such that —[3 = u{ai) < is not a 
sum of the non-affine projections of the roots from R\[—] and R^[—]. 
Respectively, S will be the set of i when such —j3, let us call them 
indecomposable, exist for at least one u G Wl. 

Then the space Vss is a Y— semisimple TH!' —submodule of V , which 
is irreducible if and only if R^^ C A(7rc) for all c corresponding to 
Ec G Vss ; where 

(10.27) R~^ = {a=[-a,ju^]eR \ -k^ + j + (a'' , pk) = 0}. 

Proof. We have already checked the semisimplicity of Vss • The 
only possibility to get an element apart from Vss when applying the 
generators of to E^ G Vss is when Xo,.{q'^*) = tj for some j > 0. 
Indeed, it can happen only when SjHc is not a reduced decomposition 
(then SjiTc can be represented in the form tTc') with sj corresponding 
to a non-invertible intertwiner \Ef^. The latter cannot be T+{Tj) — t^"^ 
because in this case the condition -R+[— ] C A(7rc) remains unchanged for 
TTc' = SjiTc (if the latter belongs to ttb). Thus it must be T^{Tj) + tj^^'^, 
equivalently, X^^, (g'^") = tj. 
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Since dimVc = 1, we can assume that sj is the last simple reflection 
in a reduced decomposition of tTc and the last root [—(3,jvp\ in A(7rc) 

belongs to R\. If dim Vc' = 1 for (non- reduced) tic' = sjiTc above, then 

— 1/2 

{r+{Tj) +tj ){Ec) = and T+(Tj){Ec) G V^s , i.e., we stay within Vs^ . 

Generally, Vc' can be of dimension greater than 1 because one root 
from ], namely [— /5,jz/^], may be missing in A(7rc'). The compo- 
nent — /3 of this root is indecomposable (see above). Indeed, if the root 
[—/S, Vjsj] G ] is the last root in A(7rc), then it is not a sum of two 
roots in this set, which contains ] by construction and i?^ due to 
Corollary 10.2, (i). 

Now let us follow part (ii) of this corollary. We use that dimV"c'=l 
if for any u G [VT^ju we can find at least one a G R+ satisfying (10.19). 
The only problem with finding such a may occur when \{u) contains 
precisely one simple root Oj. In this case, dim= 1 if A(7rc') contains 
u{ai) assuming that the extension of m to m = m6 G exists. However 
only one root, [— /3, jV/j], from -R+[— ] can be absent in A(7rc'). Therefore, 
dim V^c' = 1 unless [— /3, jV/?] = u{ai). We do not allow the latter simply 
imposing the condition that such u do not have extensions in W^. 

Due to the semisimplicity of Vss , its irreducibility is equivalent to 
the absence of non-invertible intertwiners in reduced decompositions of 
TTb after a certain tTc corresponding to Ec G Vss ■ D 

The condition ] C A(7rc) =^ R'^^l—] C A(7rc), which ensures the 
irreducibility of Vss , holds almost always, for instance, in the simply- 
laced case. See Lemma 12.1 below. 

When fcsht = k = lyinghng^ only the roots with the smallest possi- 
ble (/?, p^) satisfying k{{(3,p^) + 1) G N can be the last roots in A(7rc) 
provided that this set contains -Rj',„[— ]. The constraint (a) from Propo- 
sition 10.1 simply means that /c < in this case (only rational /c < 
are sufficient to consider); otherwise, i?" = and the polynomial rep- 
resentation is semisimple irreducible. Note that 

R\^B}nR+ = R\\-] U {tti, i > 0} since A; < 0. 

We mention that there are other ways to justify that V^^ is a ?H^— 
submodule (especially, for equal k); however, always a reduced decom- 
position of the elements vr^ can be found for E^ appearing in Vss such 
that dimVc'=l occurs for tTc' "before" vTc (in this decomposition). 
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The case of An. Let connect our Vss in the case of An with the 
construction from [Ka], which extends that from [FJMM]. In the latter 
paper, a symmetric variant of V^^ was defined (for GLn+i)- Namely, 
for an arbitrary negative rational k (with the denominator no greater 
than n + 1), a set of weights was found such that the corresponding 
symmetric Macdonald polynomials exist and linearly generate the space 
closed with respect to the multiplication. The authors note that the 
symmetric Macdonald polynomials actually exist for a bigger set of 
weights. As a matter of fact, this remark is closely connected with 
our approach; we prove that Vgs is a DAHA— submodule using that Vc' 
become one-dimensional before d reach the set {c} corresponding to 
{i^c} linearly generated Vss ■ 

Paper [Ka] contains a statement equivalent to our one in the A^— 
case. We note that the technique of intertwiners and the analysis of Vss 
is significantly simpler for An than for other root systems. In [Ka], Vss 
was a part of the conjectural decomposition of V in terms of irreducible 
modules (the Kasatani conjecture) justified in [En] for r 7^ 2 using the 
localization functor for the degenerate DAHA of type A. 

Let t = ,k = —s/r and (r, s) = 1, n + 1 > r > 1 provided that 
q"-t'' = 1 for a, 6 e Q implies a + kh = Q. 

Using the notation from [B], ctj = — e^+i, 

2p = nei + (n - 2)e2 + . . . + (n - 2(j - l))e, + . . . + (-n)e„+i. 

Given 1 < i < n, let us determine all permutations u G Wl that can be 
lifted to elements uh from w[—pk\- Such permutations can be described 
as partitions of the segment [1, . . . , n] in terms of 2m > 2 consecutive 
(connected) segments Lp = [p',p"] with \Lp\ = p" — p' + 1 elements: 

(10.28) Li, L2, L3, L2m-2, L2m-1, -^2»n 3 

where \Lp\ > 0, \Lp\ = mod r for p = 2, 3, . . . , 2m — 1, 

and \Li\ + iLg] + iLg] + . . . + \L2n,~i\ = i, Lp = [p',p"] 

Note that only Li,L2m are allowed to be empty. The corresponding 
permutation u is 

{-^1; L3, L5, . . . , L2m-3; -^2m-l, -^2, L4, . . . , L2m-2, -^2m}- 

This u sends = — e^+i to —/3 = — ey for x = (2m — 1)", y = 2' 
and (/5,p) = ((n — 2{y — 1)) — {n — 2(x — l)))/2 = x — y; here x > y. 
The relation (/5 + ai,pk) G Z (see {b,b') from Proposition 10.1), which 
guaranties that —f3 is a projection of the element from i?^[— ], gives that 
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the cardinalities of the segments between L2 and L2m-i are divisible 
by r and x — y + 1 is divisible by r. 

Since m>l, x — y + 1 must be at least 2r that means that —f3 is 
always decomposable in the sense of Theorem 10.3. Thus Vss is always 
an TIrC— submodule in the A— case when r > 1. 

A counterexample for Ai. The simplest example when Vss is not a 
7^^— submodule of V is for R = Ai and k = —m G — N; the relation 
dim Vc' > 1 does not hold in this case. Here u = si can be lifted tou = 
[—ai,m] G ^ 5*2 and [— /9, i^/jj] = u{ai) = [— Q;i,2m]. The latter 
root is the only element of i?i',„[— ]. The condition k+j + {(3, pk) = from 
the definition of -R+[— ] in (10.25) reads as: — m + 2m — m{ai, p) = 0. 

The space Vc = Vc becomes one-dimensional for tTc = (siSo)™; here 
A(7rc) = {[—«!, 2m], . . . , [— ai, 1]} and the last intertwiner in the chain 
is T+(Ti) — t^/^. The spaces Vc' are two-dimensional for previous tTc' = 
■ ■ -soSiSo, i.e., when the number / of simple reflection in this product 
satisfies 2m — 1 > / > m; here A(7rc') = {[— ai, /],..., [— «!, 1]}- 

The polynomial representation is irreducible but not semisimple for 
such k. Note that there are no positive affine roots a in this case such 
that —k + (5, —pk + d) = 0; the roots —ai and [ai, —2m] satisfying 
this condition are negative. This means that -R!|^^[— ] is empty and 
r+(Tj) + will not appear in the chains of intertwiners in V. □ 

10.3. Eigenspaces for tTcW. The following is another application of 
Proposition 10.1, which is important for exact calculating dimVc and 
dim V[— Ct(]°°. For instance, it can be applied to reinstate Theorem 10.3. 

We continue using the notation w = [w]b[w]u- Let A^(u') be the 
subset of simple non- affine roots in A(w), that is \{w) fl i?^, where we 

set = {oj, 1 < i < n}. When q is not a root of unity, 

(10.29) \\{w) = {aui > I [wluiai) > 0, H„(«,) 7^ a^,, 2' > 0}. 

The set R^^ can be either as in Theorem 10.3 under 

or as in Proposition 10.1 without this assumption. 

We constantly use that and Pfe] preserve R^^ . For instance, 
w{R} \ A)j('M7)) C R} and —w{}^j^{w)) C R~^ in the Main Theorem,(i) 
below. 
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Main Theorem 10.4. (i) Given w G , we impose condition (a) 
from (i) in Proposition 10.1 for every a G R+; it is necessary to ensure 
TTcW ^ 71b (recall that (a) results from (10.18)). Setting Ajj = Ajj.(u'), 

(10.30) 7r> G TTs ^ C A(7r,), wiR" \ \\) n A(7r,) = 0}. 

Let us take w such that tTcW G B^^Hc), i.e., tTcW must be obtained from a 
reduced decomposition ofn^ by deleting some singular reflections. Then 

(10.31) Vc = Y^ Q,,t E, for Tib = Tx,w G S°(7r,). 

b 

(a) Let us consider a reflection w = in (i) for a = [—a, Uaj] G R'^, 
where a > 0,j > 0. Then (a) holds, [w]u = Sa and 

'^ni''^) = {'^j' I (««',«)< 0, i' > 0}. 
Let TTcW be the result of deleting one singular simple reflection Sp in a 

reduced decomposition of tXc. Then = Hb, equivalently G Vc, if 
and only if 

(10.32) S5(«i' ) = «*'+ 2 \' ^ A(7rc) for all (oi/ , a) > 0; 

(a, a) 

here the condition {— w^(A}j) C A(7rc)} holds automatically. Ifsa{ai') G 
A(vrc) for i' > satisfying (10.32), then HcS^ ^ hb and this root can 
appear in the sequence A(7rc) only after (the root corresponding to) Sp; 
For instance, (10.32) holds if Sp is the last in the decomposition ofw. 

(Hi) If {ai',a) < fori' > 0, then —Sa{aii) G -R;,^^[— ] appears in 
X{tTc) before Sp. For arbitrary a (not associated with Sp), the conditions 
X{tIc) 3 —Sa{ai/) G -R^^[— ] and (10.32) are necessary and sufficient to 
ensure that tTcSs G ttb. More generally, provided (a) for w as in (i), 

(10.33) V(-Ctt)°° = Y.Q,,tEb for tt^ = -k.w, w G W\-pui where 

b 

-KcW eiTB ^ {-w{X]i{w)) C A(7re), w(i?^ \ A}j,(«;)) n A(7r,) = 0}. 

// w does not satisfy (a) from Proposition 10.1 or one of the lat- 
ter conditions m { , } does not hold for every w G p/c] then 
dimV{—c^)°° = 1; vice versa, the condition dim= 1 implies that all 
three must hold. 

Proof. It is a version of Proposition 10.1 where we use that v ^ tcb 
implies that X(y) contains at least one simple non-affine root, i.e., a 
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root in the form a^/ for i ' > 0. We use (1-20) to check that {— u^(A)j) C 
A(7rc)} holds automatically in this case. 

The justification of claims about the position of Sa{<yi' ) from (ii) and 
—Saidi') from (iii) respectively after and before Sp is as follows. Let 
S5(oi') = C(j + 2-^^^5 assuming that i' > 0, {a, at') > 0. Then 
ss{ai') is a sum of and 5 G A(7rc) with positive coefficients. Since 
aj' ^ A(7rc), 5 must appear before Sa{aii ) for any reduced decomposi- 
tion of TTc. See Theorem 2.1. The claim from (iii) is analogous. 

□ 

Spaces Vc- Given an arbitrary, non-necessarily reduced, decompo- 
sition of w, the set B^{w) 3 w' was introduced in Theorem 5.2 and 
the corresponding standard decompositions of w' obtained by delet- 
ing simple singular reflections. This set has a natural partial ordering. 
Recall that 

(10.34) El = $^5(1) e ®a-.c'%,tXa for d = w'ic)), 

where w' G B^ijc). Without f, the i?— polynomials are 

Ec = Const Pr'^i^ ■ ■ ■ \I/ii(l) for TTc = 7^rSi^ ■ ■ ■ Si^, 

where the reduced decomposition is used and the constant is chosen 
to ensure the normalization (9.10), i.e., the coefficient of has to 
be 1. If the decomposition of tTc is not assumed to be reduced (the 
f— case), then E^ are defined only up to proportionality and they can 
be zero. The spaces Vc and Vc are constructed only for the reduced 
decompositions of tTc in the following proposition and later. 

Recall that is the linear span of El for b = w'{{0)) defined for all 
standard decompositions of id' G B^^tTc), possibly non-reduced, obtained 
from a given reduced decomposition of vTc. The space Vc is linearly 
generated by Ei, for the same set {b}, however they are defined only 
for reduced decompositions of tt^; they are linearly independent for any 
particular choice of these decompositions. 

Practically, the difference between Vc and Vc is as follows. The 
squares . . . (^I/j)^ . . . (they are F— rationals) in the formulas for El and 
Vc are replaced by their F— expressions; such squares are simply deleted 
when constructing Vc- 
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Note that the hnear span of "^wVc for all decompositions, possibly 
non-reduced, of w G is an Tf^**— submodule of V. 

As we know, the space Vc does not depend on the choice of the 
reduced decomposition of tTc. It follows from the limiting procedure or 
can be readily checked using Theorem 5.2 (apply r_(T to there and 
use \Pj = r+(Tj) for singular Sj in "^q)- 

Individual and the space Vc defined for a given reduced decompo- 
sition of TTc may change if the homogeneous Coxeter transformations of 
type (5.17) from Theorem 5.2, (a) are applied. However formula (5.19) 
makes it possible to control the change in this case. 

Proposition 10.5. The spaces Vc and Vc are Qq^t[Yb]~'modules and are 
also invariant with respect to the action of the operators T_|_(Tj) for Sj 

such that 7i~^{ai) G and l{si'Kc) < ^(tTc). If (l,t are not roots of 
unity and the whole centralizer of g"'^" in is generated by simple 
reflections Si, then 

Vc = Vc = v{-c^r. 

Proof See Theorem 9.1,(iii) and Theorem 4.2,(e). The last claim 
follows from the fact that V(— Cjj)°° is an induced module over the 
affine Hecke algebra defined for that is irreducible and F— cyclic in 
this case; cf. Proposition 10.11 below. □ 

10.4. The 1^— action. The following theorem makes the F— structure 
of Vc or Vc as explicit as possible (the latter is somewhat simpler to 
calculate than the former). Note that the formulas below do not give a 
complete description of the F— action because the polynomials E]., that 
appear in process of calculations can be zero or linearly dependent in 
Vc C Vc. 

Main Theorem 10.6. Given b E B, an element c E B and also its 
decomposition iic = UrSii ■ ■ ■ Si^, non-necessarily reduced, let {ip} be the 
set of singular indices in this decomposition for p G {pg >,...,> pi}. 
Then 

^<j<9' 

(10.35) UEl) = El + Y, H " C^') ^^'^l- 
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where d = w'{{0)), w' G B^^tTc) and E\, are defined for the decomposi- 
tions, possibly non-reduced, of w' obtained from the initial decomposi- 
tion of TTc by deleting singular Si^, for the indices p' forming a subse- 
quence 

{Pg, >,...,> p\] C {pg,...,pi}. 

For instance, if there is only one such p' , i.e., g' = 1, then 

(10.36) C,, = {0p')\b + d) for ^{7rrS,r--s.^,J{a.^,), 

{0p')\b + d) = -{iaP')\7r:\{b))+d) for a^' = s,, ■ ■ ■ s,^,_^{a.^,). 

Generally, when the number of the indices p' is h = g' > 1, we set 
b = 7T~^(lb)) and the formula for Cc> reads as follows: 

setting ij- 1° = 1 for a e R° , K 4 1 = 1 for all ae B, 

(10.37) where DI = {Y^ - 1)"^(4 - 1) for a e R, 

defined in terms of the action s^{Ya) = Yyj(a) for w E W . 
Proof. We use the r_ a— image of the relations (6.1): 

(10.38) nr+(T.) = r+(r,) + {ty' - ti'^')'^^^^^. 

Recall that r+(Ti) = r+rZ^Ti) = T_a{T,) and r_a(Xf,) = Yf^\ 
Let us introduce the operators 

(10.39) ^ t^sl - ^1^3^(4 - 1), 



satisfying the relations 



1/2 _ -1/2 



(10.40) nr/ = + " _ {si - i)(n). 

a 

For instance, 7^^ = Tj_ satisfy (10.38) for r+(Tj). 

These relations readily give (10.37). One needs to move Yf, in Yh'^w 
through "^is and calculate the coefficients of ^^t, Ya for w' G B^{w) in 
the resulting decomposition. Here using in \E'tj, indicates that when 
some simple intertwiners \Efj disappear from the product due to (10.40), 
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we leave the product as it is (without reducing the corresponding de- 
compositions). 

These coefficients coincide with those obtained when is moved 
through w^T^-pg • ■ -TZ^Pi (instead of where = s^T^ satisfy 

(10.41) Y,nl = nlY, + it]/' - t-'/')Dl{Y,). 

The product Ybw'^Tl^pg ■ ■ ■ T^gpi will become a linear combination of 
the terms 

w^nL ■ ■ ■ 7^L Ya for w' G B\w), 

ah a'^i 

where we do not perform reductions if some of these terms are linearly 
dependent. 

Then we apply the evaluation |L 1°; here one can also take -|| 1, 
sending Ya ^ I for all a, because {5^ } are from 

In the case of one p', the coefficient Cc' from (10.36) is D~p' ("Kjj-ip))) 
upon the evaluation J| 1 for w = 11^, it equals 

- {{a^')\w-\{b))+d) = -{wsi,---s,^,Jai^,)\b + d) 
= -(vr.s, ■ ■ ■ s,^, {a,^,)\ b + d) = b + d). 

□ 

Note that Cc' are integers. Their calculation is a combinatorial prob- 
lem that can be formulated in terms of the algebra generated by the 
afRne Demazure operators D~ defined for a E R^. They satisfy the 
r— matrix relations and the quadratic ones: D^{D^ — 1) = 0. The 
affine Hecke algebra for the root system is sufficient for calculating 
these coefficients. The degenerate affine Hecke algebra can be used 
here, which is useful for analyzing the F— cyclicity of V^. Moreover, 
almost always a reduction to the non-affine Hecke algebra is sufficient. 

The elements E\i^ when considered as vectors in Vc, can vanish and 
some can become linearly dependent. The next stage of the calcula- 
tion is when we express the i?"!"— polynomials in terms of reduced E— 
polynomials. Replacing Tf using the quadratic relations may be nec- 
essary and moving the F— functions to the right through \l/ and T. 
Eventually, some -E^, 7^ may vanish and some may become linearly 
dependent. It is convenient to perform this calculation inside Vc- 

The following "rationalization" of (10.35) is needed for the complete 
description of Vc as F— modules. 
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Given a rational function Py of Yj, such that -Py(l) is well defined, 
setting Py = {w^)-\Py): 

Py{El) = ElPy{l) 
^<j<h=g' 

(10.42) +j2ei{ n (^ii"-%y'))(Di,,---K'^'APy)m)- 

d v'=P'j 

We can use here (1.26), describing the set of /^^ = (vTrSj, ■ ■ ■ Sjp^J(ajp) 
that may appear in (10.36) for a given reduced decomposition tTc = 
TTrSj, ■ ■ ■ Si^ and singular -p. Setting /3 = v^j\, it is as follows: 

^ G A(7r-i) and = 1, where 

(10.43) A(7r;i) = {5 = [«, e -(c, «^) > J > 0}. 

There are two immediate applications of this description: 

(1) the set does not depend on the choice of the reduced de- 
composition of TTc; 

(2) the non-afiine components of such /5 cannot coincide for distinct 
/5 for generic q. 

Corollary 10.7. Given tTc, let us assume that the singular roots in 
A(7rc) are pairwise orthogonal; for instance, it holds for any id if 
is a direct sum of one dimensional root systems, respectively, W'^ is a 
commutative group. Then the module Vc is Y— cyclic generated by Ec- 

Proof. The corresponding Demazure operators for singular roots in 
(10.42) are pairwise commutative and it is possible to find a polynomial 
P^j for each p'j such that 

D^^,(pp;) = Sij for all l<ij <g. 

One can use directly formula (10.36) here. Hence, the F— span of Ec 
contains eI, for g' = 1 and c' as in (10.36). Then we can proceed by 
induction. □ 

It is not known how far the F— modules Vc are from cyclic in general. 
The strongest criterion we give in the paper is Proposition 10.12 below. 
Combined with Theorem 2.4, it shows that in quite a few cases Vc are 
cyclic. It is not difficult to construct examples when Vc are not Y— 
cyclic. 
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Corollary 10.8. (i) Given c & B and a reduced decomposition of iic, 
the polynomial E\, ^ defined for the corresponding standard decom- 
position (maybe non-reduced) of w' G B'^^tTc) is a Y -eigenvector for 
d = w'{{0)) if E\„ = for all tTc" <o t^c'- 

Any Y— quotient of Vc contains at least one nonzero Y— eigenvector 
that is the image of E^' G Vc for suitable c' ; one can take here d such 
that Tic' <o is minimal with respect to <q considered only among 
Tie' with nonzero images of Ec' ■ 

(a) The kernel of'^i in V or its any finite dimensional Y—submodule 
consists only of Y^— eigenvectors provided that the action of is well 
defined at such vectors and ti ^ ±1. Given c & B and < i < n, the 
action of is well defined in the space Vc unless Si is singular in the 
product SiHci see (9.3). 

Let Si be singular and ti ^ 1. Then (a^, c + d) 7^ and SiHc G hb. 
Moreover, if ^ Ei G Vc, then at least one of the vectors Ei and 
E2 = T^{Ti)Ei is not a Y^^— eigenvector. 

Proof. Claim (i) follows from the fact that the y—submodule gener- 
ated by Ec is given in terms of Ec' for tTc' <o tTc. 
The first claim in (ii) results from the formula 

_ ,-l/2^ . ,1/2^ _ -l/2x 

Relation (10.38) can be naturally extended to the vectors [6, /] from 
Applying it to a,, 

(10.44) (r„, - l)i?2 = 2{t]" - t-''^)E, 

if is a Yoi^eigenvector; the corresponding eigenvalue is 1. Respec- 
tively, if is a y-eigenvector, then 

{Y-^-l)E, = 2{t."'-t]'')E,. 

It gives the rest of (ii). □ 

Corollary 10.9. Letty 7^ 1 for all v. The condition C i.e., the 
absence of singular ai in all tTc, is necessary and sufficient for the poly- 
nomial representation V to be Y—semisimple. In this case, any reduced 
chain originated at Eq = 1 consists of one- dimensional nonzero spaces 
Vc, even if some of the simple intertwiners \E'i become non-invertible 
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in this chain; all Macdonald polynomials Ec are well defined in such V 
(and coincide with Ec). 

Proof. Use Corollary 10.8,(ii). 

10.5. Induced representations. The K— modules Vc are closely re- 
lated to their counterparts for the Y— induced representations ofTlrC^. 

Let us fix a weight ^. In this section is an arbitrary root subsystem 
from Section 4 satisfying: 

(10.45) g{s,C+rf) = 1 ^ aeR^. 
The most natural choice (cf. (9.7)) is 

(10.46) ^° ={5 = [a, z/„j] G R \ q-'^^+("'0 = i}. 

let be the 7f^^— module induced from the corresponding represen- 
tation of its subalgebra Qq^t[ya,0' G -B]. By definition, is generated 
by the element v with the defining relations Ya{v) = q^^-'^^v and is na- 
turally isomorphic to = (Tj, 1 < i < n, Xh, b E B) due to the 
PBW— theorem for the pair of subalgebras TC^x Qq,t[^fe' b E B]. It 
will be more convenient to use the identification of with r+(7iy): 

= (r+(Tj) ,0 < i < n, T^inr) for br G 11^), where 

= {Ti, Yb, be B) = {Ti,0<i<n, vr,. for br G H^). 

Here the automorphisms t±, a are used; see (5. 8), (5. 9), and (6.15). The 
isomorphism X^ = r+(7iy) (as vector spaces and as r+ (H^)-modules) 
is based on the PBW— theorem for the pair of subalgebras r_(T(7iy) 
and Qq,t[^b,& G -B] = T_o{^q^t\X.h,b G 5]), which is the r_(7— image of 
the standard PBW-theorem for Jty and Qg,t[Xb, 6 G 5]. 

We introduce the 'e— elements in Xg, counterparts of polynomials, 
as follows: 

(10.47) e^j = for w G from Theorem 5.2. 

Recall that is constructed by replacing \I'jp with Tj^ for singular 
indices p in the product for '^q corresponding to a reduced decompo- 
sition Oi W = TXrSi^ - ■ ■ Si^. 

Similarly, one defines the spaces Vj. The elements 'tw may de- 
pend on a choice of the reduced decompositions of w G W'^ but they are 
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always nonzero. It follows from the calculation of the leading coefficient 
of eu5, that is the coefficient of t_^{Tq). 

The space V|j is linearly generated by eQ> for w' G B^{w); \^ C V^. It 
does not depend on the choice of the reduced decomposition and can be 
obtained by the same kind of limiting procedure as in the polynomial 
case. However, now the complete right Bruhat ordering must be used 
instead of its restriction to tt^. 

If ^ = —pk, then the images of under the homomorphism 
— > V sending v 1 become zero for w ^ ttb, otherwise they are 
nonzero and proportional to Eb for w = lib. Respectively, and V^^ 
map onto Vc and Vc- 

The case of generic weights. We will begin with generic ^ subject 
to (10.45). Practically, it means that the intertwines can be singular, 
but all are invertible; cf. Proposition 8.11 from [L]. Then the normal- 
ized intertwiners F = T^a{G) can be used instead of the \Ef. 

Note that it is exactly the case where there is a complete parallelism 
with Kauffman's axioms of virtual links; the normalized intertwiners 
and {T} provide the key example for Kauffman's axioms. 

Thus one may switch from 6™ to = F{s{v). Such e'^ do not depend 
on the choice of the reduced decompositions and are proportional to 
es; this is due to using the normalized intertwiners. 

Proposition 10.10. Let ^ be generic subject to (10.45). Then 

(i) = and therefore the elements cqi for w' G B^{w) form a 
basis in the space V^; 

(a) the elements {etj,}, defined for all standard decompositions of 
w' G B^{w), can be linearly expressed in terms of {cwi}; 

(Hi) the expressions from (ii) combined with (10.42) and the qua- 
dratic relations for {T} give a complete description of the Y— action in 

vi. 

w 

□ 

The F— structure of can be calculated for generic q, t in terms of 
the affine Hecke algebras associated with the root system provided 
that C, is generic from (10.45). 

The construction requires the set of positive roots R'^ C -R", the 
corresponding simple roots {a^} in R'^, and the standard Bruhat or- 
dering for Recall that the notation for the standard Bruhat sets 
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for is B{u; -R° ) where u G = (s°). Let be the Hecke algebra 

defined for the system i?"; it is generated by {T°} satisfying the ho- 
mogeneous Coxeter relations and the quadratic ones with t^o = ta as 
a° = [a, Uaj] G R- The elements T~ G for u G 14^° are defined nat- 
urally and do not depend on the choice of the reduced decompositions 
of m: _ ^ 

= ®uQ,,tT^, for u G 

Let = {b e B,{^,b) = 0], Hy be the algebra generated by 
Qq,t[^b, b G B^] and the Hecke algebra H^. We impose 

(10.48) n7;° = 7;°n,(,) + (tV^-t-/^)^|§^ for5 = «°; 

to put it simply, T-" are T^o from (10.40). 

The induced module X° is defined by setting ^^(l) = 1 and can be 
naturally identified with H'^ (as modules). 

Proposition 10.11. Provided that q,t are not roots of unity and C, 
is generic, the Y~module Vq is cyclic for w G if and only if the 

following holds ml^ foru = w\o G W° andQl^lY] = Q<j,j[n, b G B^]: 

(10.49) Ql[Y] (Ti) = (Bu'Q,,tTi, for u' G B{u-Rl), 

where B is the standard Bruhat ordering in . For instance, relations 
(10.49) are satisfied ifu is the element uq of maximal length in . 

Proof. Using the intertwiners F and the polynomials e'-, the calcu- 
lation of Theorem 10.6 can be reduced to the case of Hy and 

Let us examine the case of u = uq- The reduction to the degene- 
rate affine Hecke algebra Tiy from [CI], Lemma 2.12 can be used (the 

analysis of irreducibility of I^). Laurent polynomials in terms of {Yi,} 
are replaced by the usual polynomials in terms of {yt}- The elements 
T~ become u; the Demazure operators in formulas (10.48), (10.37) are 
replaced by the BGG operators d~ = y~^{sa — 1). 

The degeneration of X° is isomorphic to the quotient 2^ of the stan- 
dard representation of in the space of polynomials in terms of y^ 

for 6 G 5° by the ideal generated by the invariant polynomials 
with zero constant term. It contains a unique eigenvector d, the dis- 
criminant, and UQ{d) is a linear generator of the one-dimensional space 
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Iy/iyb,b e 5°); therefore it is a y— cyclic vector in 2^ (Nakayama's 
lemma). It gives the degenerate version of (10.49) and results in the 
required claim. □ 

Comment, (i) A counterexample to (10.49) is = A^, u = (4231). 
There are four elements in B(u) of length l(u) — 1, i.e., their number 
is greater than the rank. This leads to a contradiction (consider the 
degeneration above). One can use Proposition 2.3 to construct more 
general counterexamples. 

(ii) Note that the construction we discuss is connected with the the- 
ory of Schubert polynomials upon the reduction we performed when 
proving the proposition. Using the BGG— operators for Schubert poly- 
nomials is similar to what we did. Generally, the combinatorics of 
affine Schubert manifolds has a lot in common with that of nonsym- 
metric Macdonald polynomials. □ 

Arbitrary weights. There is a natural extension of Proposition 
10.11 to the case of arbitrary, not only generic, ^. We impose (10.45); 
q,t will be not roots of unity. The sequence /3g_i, • • • , P2, Pi of 
simple, maybe coinciding roots in constructed in (4. 62), (4. 63) will 
be used; it is defined in terms of a given reduced decomposition of 

We continue using the Hecke algebra H^. Given a reduced decompo- 
sition of u G W^, we will need the elements T~} G for u' G B(u] R'^), 
defined by crossing out the corresponding Tj^ in the corresponding prod- 
uct for T~. In contrast to T^' , T~} may depend on the choice of the 
reduced decomposition of u (unless the resulting decomposition of u' 
remains reduced). Respectively, i3^(n;i?°) is the set of such decompo- 
sitions, called standard in (10.34). 

Proposition 10.12. Let all (simple) singular reflections in the de- 
composition of w belong to a disjoint union {Lj, 1 < j < r} of consec- 
utive segments (connected portions) of a given reduced decomposition 
of w; UjLj may be smaller than X{w), there can be gaps between Lj, 
Lj+i. Following Proposition 4-5, we obtain the reduced decomposition 
wlo = Si3g ■ ■ ■ for simple /3j E R^ . In terms of Lj, w\q = Ur- ■ ■ Ui, 
where Uj = Sp^^ . . . . is the part of the decomposition of wIq corre- 
sponding to Lj for < b^ < < b^ . . . determining this partition. 
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We impose (10. ^9) for u = w\o, however, do not assume C, to be 
generic. Then Y— module is cyclic under the assumptions : 

(i) ^ for a = 5™ G \{w) corresponding to the (simple) 
reflections Si^^^ G UjLj for w = Tr^Sj, ■ ■ ■ Sj^, i.e., non-singular inter- 
twiners "i/i^ in "iffs^v) are all invertible for such Si^; 

(ii) ifT~} e are linearly dependent for some u' E U' G B'^^u; R'^) 
then the singular reflections removed to obtain the standard decompo- 
sitions of these u' G U' must be all from one Lj, i.e., can be obtained 
from the same uj . □ 

Note that (ii) holds if u' ^ u" for elements u' ,u" G i3('u; ) that 
come from different Lj, however (ii) is of more general nature. For 
instance, if all singular reflections form a connected segment in the 
reduced decomposition of w then (i,ii) hold. 

Assuming that there exists v G sending simple roots of to 
simple roots of -R+, the element 

(10.50) w = vuo = Sa{g) ■ ■ ■ V for v{{Pj}) = {a{j)}, l<j<g, 

for the longest uq G satisfies all conditions of the proposition. 
The corresponding module is y— cyclic. Indeed, v{(3) > for any 
P G by construction, therefore X{v) contains no singular roots. 
Any elements v'uq such that Hv'uq) = l{v'v~^) + 1{vuq) can be taken 
too, since Xihv'uo) \ X{vuq) cannot contain roots from (they are all 
already in \{vuq)). We come to the following corollary. 

Corollary 10.13. Assuming that q,t are not roots of unity and an 
element v G exists sending simple roots of R^j^ to simple roots of 

i?+ , one can find w such that the modules V^, are Y— cyclic when l{w') = 
l{w'w~^) -\-l{w), i.e. when w' are sufficiently big. □ 

Note that if is cyclic for ^ = — and w = vTc, then Vc is cyclic 
in the polynomial representation; thus we can use Corollary 10.13 and 
Proposition 10.12 to study V. For instance, one can take vuq for v 
from (10.50) provided that it is in the form tTc for certain c. The latter 
means that v = iTf, and the roots from have negative nonaffine 
components. 
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11. The radical 

The technique of intertwiners is expected to help in decomposing V 
in terms of the irreducible constituents. The first step in this direction 
is finding singular g, t^, making the radical of the polynomial represen- 
tation V nonzero. In this section q is generic, not a root of unity, so 
the problem is in finding singular ty in terms of q. The radical is an 
submodule defined for the "evaluation pairing" in V. There are 
several cases when the radical is zero but V is reducible (this never 
happens in the rational case and for simply-laced root systems); the 
technique of intertwiners makes it possible to describe these cases. 

Actually using the intertwiners alone is essentially sufficient to de- 
scribe all cases when V becomes reducible (for instance, it is possible in 
the simply-laced case) without any reference to the radical. However, 
the approach via the radical significantly simplifies the combinatorics 
involved. 

In the A — D — E — case, the answer is simple to formulate. It follows 
from Theorem 11.8 (see also (7.14)) and the Zigzag Lemma 12.4 below. 

Theorem 11.1. Lett = tsu, d be primitive {mi+l)th roots of unity for 
the classical exponents rrii in the simply-laced case; see (7.13). When 
q is not a root of unity, the radical is nonzero if and only if 

t = g"'"^ (f as 1 <i<n, < <mi, j + j' > 0, I e 1 + Z+. 
Moreover, the radical is nonzero if and only if V is reducible. □ 

11.1. Basic properties. Recall that the evaluation pairingfiom (6.32) 
is as follows: 

(11.1) {f,g} = {L,^f){giX))} = {L.^j^igiXmiq-"^) for f,geV, 
i{Xb) = = i{z) = z for zeQg^f 

It induces the Qg^j-linear anti-involution </> of from (5.11): 

(11.2) (f)i^£i, = i,e : Xb^ V\ Ti^Ti {l<i< n). 
Lemma 11.2. For arbitrary nonzero q,tsht,ting, 

(11.3) {/, g} = {g, /} and {H{f),g} = {/, H'^ (g)}, H G TUK 

The quotient V' of V by the radical Rad =Rad{ , } of the pairing { , } 
is an TH!' -module such that 
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(a) all Y-eigenspaces ofV are zero or one- dimensional, 

(b) E{q^P'') ^ if the image E' of E in V is a nonzero Y -eigenvector. 

Proof. Formulas (11.3) are from Theorem 2.2 of [C6]. See also [C7], 
Corollary 5.4. We recall the argument from [C9]. Since Rad{ , } is a 
submodule, the form { , } is well defined and nondegenerate on V'. For 
any pullback E eV oi E' e V, E{q-P^) = {1, E} = {!', E'}. If E' is a 
y— eigenvector in V' and E{q~P^) vanishes , then 

{n'y{i'),Q,Ayi.]{E')} = = {v-n\.{i'),E'}. 

Therefore {V, E'} = 0, which is impossible. □ 
The following lemma follows directly from the definition of the rad- 
ical. 

Lemma 11.3. The radical Rad is the greatest TH}' -submodule in the 
kernel of the map f ^ {1, /} = /(o'"''*)- It is also the intersection of 
the kernels of evaluation maps f t— > /^Y (e) = {e, /} for all e G V(— C(()°°.' 

(11.4) : V 9 / G {y{-c^rY = HomiVi-Ci), Q,,), 

where the later linear space is supplied with the following natural action 
ofQ.^Xt]: X.irie)) = r (n"'(e)) for e G V(-c«)°°. Here the maps 
are X—homomorphisms and their kernels are ideals in V. □ 

Using the spaces Vc from Section 9.2, defined for reduced decompo- 
sitions of TTc, we can improve this statement. Namely, / G Rad if and 
only if the X-homomorphisms 

(11.5) Cc : V 9 / G = Hom(K, Q,,,) 

are all zero for f ^ fc = {E, /}, where E & Vc- 

It is important to know how the zero- value condition Cc(-E') = is 
transformed when c changes. Let us assume that (q;^,c) > and that 
is infinity, i.e., satisfies (9.3). Then the zero- value condition for the 

next Vs-(ic)) = Vc + T+{Ti)Vc reads as follows: 

ar+(ri)(^)) = OandCc(^)=0. 
Here we use (5.12): 

0(r+(r,)) = (* ■ r+ ■ r]){T,) = t+{T,) for n>i>0. 
Recall that r+(Tj) = Tj for i > and t+(To) = Xq^Tq^ for Xq = qX^^. 
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The cases (a, c) from the definition of y— spaces can be readily con- 
sidered using formulas (6.39) for the action of the 0— images of the 
simple intertwiners acting on polynomials. 

Combining Lemma 11.3 and Lemma 11.2, we come to the following 
lemma. 

Lemma 11.4. (i) A Y -eigenvector E belongs to Rad if and only if 
E[q~P'') = 0. It holds true if the later vanishing condition is replaced by 
E{q~'^^) = provided that "^^^^ evaluated at q~'''= is an invertible element 
in the subalgebra of TU}' , which is generated by Xa{a G B), and 
Ti{i > 0). For instance, c = UriiO)) = uj^ can be taken instead of c = 
for r ^ O, Ur G B; similarly, c = So((0)) = ^ can be taken instead of 
provided that qtQ^'^^ t^^- 

(a) The equality E{q~'^'') = automatically results in the equalities 

(11.6) E{q^^i) = for W ^B* = {h = h° ^B \ Ebo{q^P') ^ 0}, 

where E^o is the Macdonald polynomial for primary b° defined in (9.2). 

(iii) Expanding E = Em^'m^r' ■ ■ -^r". ^ ^ for E from (i) 
and setting Xi = Xf,-, the degree Deg{E) is defined as 

Deg{E) = MaXm{mi + . . . + m„} — Min^{mi} . 

i 

Then Deg{E)^ is no smaller than the cardinality of the intersection 
n^^i{(c* + 5|) n B^}, where B^ = B* n B^ and the translations c\E) 
of E are assumed to have finitely many common zeros; such set {c*} 
always exists in B^, more generally, in u{B^) for an arbitrary u G W . 

Proof. The first claim follows from Lemma 11.2. Let us check that 
E G Rad if and only if {A , E} = for one invertible A G 7Y^. Indeed, 

{AUYail) , Q,AY]iE)} = {Q,,t[X]AHr„(l) , E} = 

^ {H\ Ya{l) , ^} = for any a G 5, 

where the nonaffine Hecke algebra H C TH!' is used. 

Coming to (iii), an arbitrary monomial Xi, in the decomposition of E 
can be represented as a linear combination ^ - Coeff, c*(-E) for proper 
coefficients Coeffj 7^ and sufficiently large number of translations c*. 
The translations d{E) cannot have common zeros in here, because 
otherwise Xf, would have such a zero. Moreover, Deg(i?)" is exactly 
the number of common zeros, counted with multiplicities, for n generic 
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(transversal) translations d{E). Here c* can be taken from B or from 
any u{B^). □ 
As an immediate application, we conclude that the set B* must be 
always smaller than the whole B if the radical is nonzero. Setting 
u =id and using the previous lemma, we obtain that the radical always 
contains symmetric Macdonald polynomials. 

Lemma 11.5. Let us suppose that the radical Rad is nonzero. Then, 
given Ci > {i > 0), it contains at least one Macdonald polynomial Ebo 
for primary b° = 6^ satisfying {b°,ai) > Cf, see (9.2). In particular, 
the corresponding symmetric Macdonald polynomial Pb°_ = P{Eho ) is 
well defined for b°_ = Wo(fo+) (see (6. 14)) and belongs to the radical. 

Proof. Generally, if E^^ is well-defined, then so is Pf,_ , and 

IIr {Eb, 1} = {Pb_, 1} = Pb^{q~^'') for the Poincare polynomial IIr. 

Here we apply the symmetrization P to 1, move P to Eb and use (6.14); 
P(l) = Ur due to (7.15). Moreover, if H^j 7^ then 

(11.7) Eb e Rad =^ Pb_ e Rad {Pfe_, 1} = 0, 

{Pb_, 1} = ^ {EbA} = ^ EbE Rad. 

Then we use Lemma 11.4,(iii). □ 

11.2. Non-negative k. As another application, we come to the fol- 
lowing theorem generalizing the description of singular k from [02]; it 
is equivalent to the description below from Theorem 11.8 in terms of 
the shift-operators. 

Theorem 11.6. Assuming that q is generic, the radical vanishes if 
and only if Ebo {q"^'') ^ for all sufficiently big primary b", i.e., if the 
product in the right-hand side of (6.27) is nonzero for all b E B with 
sufficiently large [b, a^) for i > 0. Here t^ ^ are arbitrary. □ 

We are going to check the irreducibility of V in the case of non- 
negative k in this section; it automatically gives that Rad = {0}. One 
can of course use Theorem 11.6 to check that Rad = {0} for non- 
negative k. 

Proposition 11.7. Let us assume that 3ftA;ing > and 5RA;sht > for 
q > 1. Then all elements , c G B from (6.19), they belong to H, are 
invertible, the polynomial representation V is Y -semisimple with simple 
Y— spectrum and, moreover, irreducible. 
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Proof. Setting = J2i 'f^iOii for a E R, let 

sht(a) = mj, lng(Q;) = mj. 

cii=sht ai=lng 

Then (a^,pfe) = sht(a)/i;sht + lng(a)A;ing. In the simply-laced case we set 
Ing(a) = 0, i.e., treat all roots as short. Note that sht(a) > for short 
a and Ing(a) > for long a. Indeed, the intersections of R with the 
lattices ©^.=^ZQ;j for fixed u = Us^t, v = Ui^g contain only roots a of 
the same i>a = i^- These root subsystems of R are respectively the sets 
of a such that lng(Q!) = and sht(a) = 0. 

Recall the conditions that are necessary and sufficient for the inter- 
twiner \E'^ to be proportional to 

(a)r+(T,)+trV2^ (b)r+(T,) + oo, (c) t^{T,) - t]/' ; 
they are as follows: 

(11.8) ^-fc«+{5\c-+d)-(av,p,) ^ ^ . ^ ^-1/2^ 

(11.9) ^(5\c_+d)-(«v,,,) ^ ^ (6):r+(r,) + oo, 

(11.10) qk^^+i»\c.+d)-ia-,p,) ^ ^ . ^^^y^^ _ ^1/2^ 

where we set 

a = Uc{ai), OL = Uc{ai) for z > 0, and a = Ucl—i}) for i = 0. 

Here Ua = Ui, a < 0, and (5, C- + d) = (a^, c + d) > 0. See (1.39). In 
case (b), the intertwiner is not well defined. We will call it infinity 
and the corresponding Si singular following the previous sections. 
Due to the positivity assumptions, 

-K( + {a"", pk) )>0 and 3?( -k^ + (5"^, c_ + d) - {a"" , pk) ) > 0. 

Thus (11.8)-(11.10) never take place, all intertwiners are invertible, and 
all i?-polynomials are well defined. This approach actually allows ^k 
to be "small" negative. 

Recall that the eigenvalues are {g"^" = q'^" (pk-^-)^ Generally, 

(11.11) q^c\Pk-c-) ^ qu-\p,-b-) Cy^beB if 

3fJ(pfc-c„) e {zeW,?fi{{alz))>0} 3 3?(pfc-6_), 

for instance, for sufficiently large (a^, — c_) for all i > 0. Indeed, then 
Uc = Ub and c_ = Due to 3?/c > 0, the inequalities 3?( (a/, z)) > 
are sufficient in (11.11) and the latter holds for any c,b & B. 
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Concerning the irreducibility, if V C V is an ?f^''-submodule then it 
contains at least one eigenvector v corresponding to q~^^. Applying the 
intertwiners, it must contain all eigenvalues (including the simple ones 
for sufficiently big c if '^k is allowed to be small negative). Therefore 
it contains at least one i?— polynomial. However then the intertwines 
will make all of them in V. □ 

Comment. The method above gives the irreducibility of V as '^k > 
— 1/h for the Coxeter number h = 1 + {p,'d) in the simply-laced case; 
the inequalities are somewhat more involved for B, C, F, G. Here one 
can also use an analytic variant of the inner product (6.8) in V. Let us 
outline an approach via the roots of unity assuming that /cing, /csht are 
rational numbers, which is sufficient for the analysis of the irreducibil- 
ity. 

Following [C6],(6.12)-(6.14), V can be supplied with a invariant 
inner product, where = 1 for sufficiently large (also satisfying 
certain divisibility conditions). Under k > —1/h and the corresponding 
conditions in the non-simply-laced case, this inner product is nonzero 
and is positive definite on W^— invariant polynomials. Then we use that 
reducibility of V implies the reducibility of under the action of the 
subalgebra of invariants of (for generic q) and that V is in the 
category Oy- □ 



11.3. Using afHne exponents. Continuing to assume that g is in a 
general position (see the exact condition in the theorem below), we 
will examine when Rad is zero via the shift operator. As a matter of 
fact, the answer has been already obtained (Theorem 11.6). However, 
using the shift operator has certain technical advantages in the q, t— 
case and generalizes Opdam's analysis of the rational case (where it is 
the only known approach). Note that Theorem 11.6 has no differential 
counterparts, rational or trigonometric. 

The set of singular k with Rad ^ {0} is given by some algebraic 
equalities. Since q is generic (only roots of unity must be avoided), real 
q> 1 are sufficient to consider. 

We will apply formulas (7. 11), (7. 12) : 

(11.12) Tij,p^4i{q-'^-^) = g^-^(n 
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Recall the notation 

V 

see (7.9) for the definition of 11^. 

Main Theorem 11.8. (i) We assume that q ^ is not a root of unity. 
For the Poincare polynomial Ur from (7.15), Rad =Rad{ , } is zero if 
and only if 

oo 

(11.13) Hie^diqM) ^ for rad(g,t) = 

1=0 



iei?.+ j=i qa ') 



(a) Provided that p & B and Uji ^ 0, the zeros of described 
explicitly in formula (7.14) in the cases A,D,E, 

(7. 22), (7. 24 ) for B, formula (8. 31 ) for 
(8. 33), (8. 34) for G, and (8. 36), (8. 37) for F 
constitute the set of all q, t such that the t— discriminant X* belongs to 
Rad; see formula (7.1). Here g 7^ can be arbitrary, possibly a root of 
unity. 

(Hi) If q is not a root of unity (B can be arbitrary), then the zeros of 
n^/II/j from (i) are those listed in (ii) and their positive translations. 
The latter are obtained from the zeros in (ii) with ky replaced by all 
kl ^ ky + Z4. disregarding the binomials that do contain the factors q^ 
with j > 0. Moreover, if 

(11.14) {g"^ JJtl^-^ = 1 fora,beZ}^{a + ^iykyby = 0}, u e ur, 

V V 

then only the rational exponents, described in Theorem 8.1, are suffi- 
cient to consider here and in (ii). 

Proof. If the radical is nonzero then it contains symmetric Macdonald 
polynomials P^^'* with sufficiently large negative 6 = 6_ due to Lemma 
11.5. Recall that P^^'* G Rad ^ P^'\q~P^) = provided that Ur ^ 0; 
see (11.7). Let us assume that Ur 7^ in the following reasoning. 

We apply consecutively the shift operators changing 

b ^ feM =i) + rnp, ky^{k + m)^ = k^ + m, t^ t^""^ = tq"", 
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to make 3?(/i; + m + l)^ > 0. The radical is trivial for k + m+l thanks 

to Proposition 11.7 and P^ft^+i') 7^ 0. This step is similar to 

the approach of [02, DJO] in the rational case, although the relation 
between the evaluation pairing and the shift operators is different in 
the rational and the g, t— cases. 

Due to Theorem 7.3, see also (11.12), 

where jg rad(g, tq^) up to a power of q. Here ^5'*'™' (6) can 

be supposed nonzero because b is assumed sufficiently large negative. 

We note that there are no restrictions concerning q, t, when using the 
shift operator (although the relation II/j 7^ is necessary for the appli- 
cations to the radical). Also the above formula holds for arbitrary sym- 
metric Qq^t[y]'^-eigenfunctions P G V with the F— weight coinciding 
with the weight of Pb {b = b^ E BJ) and such that P = '^a<^w(b-) -^a 
modulo Xc for c_ 6_ ; see (6. 12), (1.35). 

Thus all partial products 

rad(g, t) rad(g, tq) ■ ■ ■ rad(g, tg') for I > m 

must vanish. 

Without imposing Ilf> 7^ and using the shift-operator, one can 
use directly Theorem 11.6, which claims that the radical vanishes if 
and only if Ei,{q~'^'') 7^ for sufficiently large b. Using the evaluation 
formula (6.27) as A(7r5) {[— a, z/Q,j], a G > 0} we come exactly 

to (11.13). 

Claim (ii). Thanks to Theorem 7.2, rad(g, t) = 11^ = if and only if 
= 0; cf. [02], [DJO]. We need to check that {X\P} = for 
an arbitrary polynomial P G V. Applying the t— anti-symmetrization 
(here Ur = P(l) 7^ is needed), it suffices to assume that P is t— 
antisymmetric. Due to the inequalities t,^ 7^ — 1 (which follow from 
n_R 7^ 0), it must be then divisible by X^, which gives the required. 

The other claims from (ii,iii) follow from the definition and calcu- 
lations of the affine and rational exponents performed in the formulas 
listed in (ii), (iii). □ 
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Comment. Using the formula for y'^{X^) with G ki^ + Z^ in (ii,iii) 
instead of k is essentially equivalent to direct using the evaluation for- 
mula for the E'-polynomials or P-polynomials. The approach without 
the shift-operator is more general, since it is not necessary to assume 
that Uji 7^ 0. On the other hand, using y (A'*), which is a regular 
function by construction, makes the structure of the resulting formula 
more transparent and convenient for practical finding singular k. 

The claim that A** G Rad (the first part of (ii)) has interesting ap- 
plications including the case of roots of unity. Note that the radi- 
cal is always of finite codimension as g is a root of unity. However, 
rad(g, t) = 11^ becomes zero only for finitely many k. The "singular" 
k form finitely many sequences {k^ + Z+j such that applying the shift 
operator will eventually make A"* G Rad. □ 

12. Irreducibility of V 

We study the irreducibility of the polynomial representation V under 
the assumption that the radical Rad of the form { , } is zero. Recall 
that R^, R-^ are from (9.7) and (10.27); ^° , R+^ and Rl[-], R+^[-] 
denote positive roots in these sets and those with negative non-affine 
components. 

The radical is of finite codimension when g is a root of unity, so we 
shall consider only generic q. From now on we assume that q = gsht is 
not a root of unity, neither is ging = q'^^'^s. 

12.1. Properties of R^,R~^. We will need to develop some tools 
of combinatorial nature. Recall that the relation {ai,c+ d) > is 
necessary and sufficient for SiiTc to be represented in the form vr;, for 
/(vTb) = /(vTc) + 1; see Proposition 1.6. 

A(7r;,) \ A(7rc) = Tr^\ai) = 5 + [0, (a^, c)] = [uc(«i), 6^ + (a^, c)] 

for the Kronneker delta, where a = Mc(aj), (oj, c) = (5, c„). The 
nonaffine component of 5 must be negative since 5 belongs to X{7Th). 
For cjt = 7ic{{-pk)) = c - u~^{pk), 

(a, c_ - pk + d) = {ai, q + d) = (5 + [0, (c, a^)] , -pk + d), 

where we transform: (5, c_ + d) = {uddi) , Uc{c) + d) = (oj, c + d). 
The following lemma uses the notation from the tables from [B]. 
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Lemma 12.1. For c E B and an index < i < n satisfying the 
inequality (a^, c + rf) = (a, c_) + 6io > 0, let 

(12 15) ^-lg(S,c_-pfe+rf) ^ ^{a^ ,C--pk+d)-ka = \ = ^7lgK>Cj+(i) 

for a = Uc{ai) = [a, 6io], a = Uc(ttt) for i > or a = Uc{—^) for i = 0. 

Equivalently, a' = 7i~^{ai) = [a,6io + (a;,c_)] G ; see (10.22). 
Then —a is positive and cannot he simple. 

(i) If —a is long then always a + ai = {I'a/t^p)^ for proper —[3 G R+ 
and long ai (/ > 0), where (3 can he taken long unless for R = Cn 
(and for long —a). In the non- simply-laced case and for short —a, 
we assume that such representation exists with short f3,ai. Let a' = 
[a, Uaf], = [(3, vpj'] for (3 = {vp/ + «/) . Then 

(12.16) g/" = 1, I.e., /3' G Q(i?°) 

for the Q-span Q(-R°) of Here P' G -R° unless Va/i^p > 1 (see 
Lemma 12. 2, (i) helow). 

If (3' G R^, then (3' ^ A(7rc). Moreover, one can find b E B and the 
index i' > such that = /(vrfovr"^) + /(vTc) and 

q{^,,h+d)^^^ (a,,,6 + rf)>0, (nb(a,0,ne(ai)) > 0, i.e., 

(12.17) X{7r,) ^ p' = 7r-\a,,) g A(s,,7r,) = {^',A(7r,)}, 

where [3 = Ub{ai') for i' > or [3 = ui,{—'d) for i' = 0. 

(a) Provided (11.14), the assumption from (i) holds for any long —a 
and for short —a G R+ such that (a, pk) + k^ht G 1 + Z+ unless a is 
from the following list: 

-a = En-g, g = I, . . . ,n - 1, (a, pk) + ksu = -'^gh^g G 1 + Z+, (5„) 
-a = e„_i + e„,, (a, pk) + hht = -2/cing G 1 + Z+, (Cn) 
-« = «! + 02, {a, Pk) + hht = -3/cing G 1 + Z+, (G2) 
—a = 03 + 0:2 or — a = 03 + 02 + tti ( see [B] ), (F4) 

where (a, pk) + A^sht = -2A;ing or = -4A;ing G 1 + Z+, 
-a = 1221, (a, p^) + A;sht = -6/cing - 2A;sht G 1 + Z+. (F4) 

/n t/ie case of long a such that Va/^fs > 1; (H-H) results in (3' G R^ . 
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(in) Among the cases listed in (ii) subject to (II.I4), the radical can 
be zero only when k\^g = —j G — 1 — Z_|_, which implies that [—Op, u^j] G 
R'l_ for any long simple root ap {p> 0), or in the following subcases: 

~ S TL 

(12.18) Bn : h^^ = -— for n>g>-,seN, {s, 2g) = 1, 

G2 '■ h^g = —s/3, where s G 1 + Z+, (s, 3) = 1, 
F4 : /cing = — s/4, where s G 1 + Z+, (s, 2) = 1, 
F4 : 3A;i,g + A;,ht = -s/2 for s G 1 + Z+, (s, 2) = 1. 

In the case of F^^, it is also possible that S/^ing + /i^sht = ~j G — 1 — 
Z+ (then Rad = {0} for generic /^shtj; but in this case the long root 
[-1220, 2j] belongs to R^. 

Proof. Generally, tf^qi^'^'^^n+d-) = 1 is equivalent to 

(12.19) ^±fc.+{a\c_p,) _ ^ ^ _ > 

^±fc.+{a,c_-p,,)+i = 1 for a = ne(-?9) (z = 0). 

We use the definition of cj and the relation Uc{c) = c_ G B_. 
Recall that a < in (12.19) and (12.15) due to 

(12.20) {ai, c+d) >0^ (Mc(ai), c_ + rf) > 0, 

which is obvious as z > 0. However if i = than it may happen that 
(uc(ai),c_) = = (cji)). In the latter case the sign of a cannot be 
determined from (12.20) and we need to use: 

(c, = ^ Uc{'&) > 0, since A(uc) = {a e R+, (c, a) > 0}. 

The root —a cannot be a simple root. Indeed, otherwise a = —ap 
for p > and 

1 = = ^ (a, c_) + = 0, 

which contradicts the assumption from (i); here we use that is not 
a root of unity. By the way, this argument shows that the set from (i) 
is empty for Ai. 

Now, imposing (i), let = a + ai for certain / > such that 
'^ai = i-e., a and ai have to be of the same length [vp = unless 
for long a in Cn). This representation guaranties that (/3, a) > and 
Sa{.[3) = Oil > Q that directly leads to the inequality (^^(aj'), Mc(aj)) > 
stated in (12.17). 
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Let (3' = ^(5' + ai) = [j3, upj '] for 5 = [a, Vaj ']■ Then 

— IJa — 'da ~ ^■ 

Unless Ua/up = 2 for C„, we conclude that P' G -R°. If (11.14) is 
assumed, then it holds always (we can omit the factor Va/^p)- Recall 
that by definition and all such powers must be expressed 

as products of powers of q and t,,. 

Let us check that P' ^ \{tTc)- It can be seen directly from (1.25), but 
it is simpler to use that 

— P = — [p,^f3j \ = a +ai 

and apply Theorem 2.1,(6'). The root P' can appear in A(sj7rc) = 
{5', A(7rc)} only after 5', which is the last in this set, since ai does not 
belong to A(7rc) (and to any A(7ra)). 

To construct 6, it suffices to use an arbitrary a E B satisfying tTq = 
wSiHc such that /(tTq) = l{w) + 1 + /(vTc) and /?' G A(7ra); we simply 
make (a_,/?) sufficiently large. Then for any reduced decomposition 
tTq = TTrSi^ ■ ■ - Sii, the partial products Sj^ ■ ■ ■ Si^Si^^ remain in hb for 
any h < m. Note that these products also remain in iTf, if we multiply 
them by any vr^' on the left. 

We can assume that a reduced decomposition for iTa extends that 
for TTc- Let Sj/TTfe be the first partial product "after" tTc such that (3' G 
^{si'TTb). It gives the required b since the affine root (3' can appear in 
the A— sets of the partial products only after A(7rc). 

Claim (ii) is checked using the tables from [B]. Concerning (iii), we 
need to examine the special short a listed in (ii) and employ Theorem 
11.8. □ 



12.2. A generalization (any t). It is not too difficult to extend the 
lemma to a general setting when q is assumed to be generic (not a root 
of unity) but condition (11.14) is omitted in (ii),(iii). The main change 
we need is at the end of (ii), where it is stated that in the case of long 
a such that Va/i^p > 1 condition (11.14) results in (3' G R^. Now we 
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cannot use it. First of all, we need to rewrite the formulas in the lemma 
by adding q. 

The Z— integrality conditions in (ii) become: 

(12.21) Vng e for G for 

^ing ^ 9^"^^^ in the case of G2, and for F4 : 

+-1 ^ +-2 ^ 1+2+ .-3.-2 1+Z+ 

f-lng y ; ''Ing y ' ''lng''sht V 

fci 

Recall that ting = ^ing^ for ^ing = q'^'^^- The condition fcing G — 1 — Z+ 
now reads as t[~g G g2+2Z+ _ 

Similarly, the list from (iii) becomes: 

(12.22) 5„ : t-'g e \ : tfnj G \ g^+^z^^ 
F4 : tf^ G \ or tf^t-^, ^ \ g24-2Z,^ 

where n/2 < g < n and ti~g ^ with any Z+ 3 g' < g for 

Let us describe the cases when a is long and z/^/ > 1 in (i); they are 
exactly those dual to the cases listed in (ii). We continue to assume 
that q is not a root of unity but do not impose the q, t— generality 
condition (11.14). Then (12.15) reads as 

gt'lng ((°^'Pfe)+Vg) ^ g^^lng(l+^+) 
1 £ g(a''.Pfc)+Vg+l+^+ ^ J^0_ 

Recall that the first condition becomes {a^ ^ pk) + /i^ing G — 1 — Z+ and 
always implies (3' G if (11.14) is imposed. 

Lemma 12.2. (i) The cases Ua/i^js > 1 are as follows: 

-a = 2en-g, 1 < g < n - 1, (a^, pk) + hng = -ghu, (Cn) 

where condition (12.15) becomes t~^^^ G 

-a = e„_i + e„, (a^, pfc) + hng = -hht, t~ht ^ «?^^^^+, (5„) 

-a = 3ai + as, (a"", Pfc) + h^g = -hu, t;^l G g^+^U ^ (^2) 

—a = ^2 + 20:3 or — a = a2 + la^ + 2a4, respectively, (F4) 
/or (a\ pfe) + /cing = -(^/csht, ts'ht' e as ^7 = 1, 2, 

-a = 1242, {a\pk) + A:ing = -2A;ing - ?>K^u CCt ^ (F4). 
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Let T = t(— a) = tsht (i^l these cases but the last, where r(1242) = 
tingtghf We set g = 1 unless stated otherwise (namely, when R = Cn 
and for as g = 2). In these notations, if /3' ^ (see above) then 

^~gu ^ ^u+uZ+ foru=iying. 

(a) Continuing (i), let Rad = {0}. Then either tsht £ or one 

of the following conditions hold : 

(12.23) Cn : tfht e where n>g>- 

and ti, ^ ±q~'-^+ for Z+ 3 g' < g, 

Gj : tsht G P for p^ + p+ 1=0, 

Fj: tl,e-q-'-^+ for -a = 0122, 

■ ^ing^t e -q'^~^+ as -a = 1242. 

In the case —a = 02 + 2az for F4 from (i), ting^sht ^ q~^^'^+ does not 
result in Rad 7^ {0}; however, if it holds, then [— 0121,j] G -R*]. for 
proper j E 1 + Z^. 



□ 



12.3. Zigzag paths. Following the last section, we add more detail 
concerning the combinatorial structure of and -R+^, the sets of 
positive roots in R^ and R~^. We need to make more transparent 
the procedure from Lemma 12.1 and also provide the combinatorial 
tools for Theorem 12.7 below. ^ ^ 

The condition that a' E R^^ corresponds to P' G R'^ (in the sense 
of (i)) has the following general meaning. Always, s^,(5') belongs to 

R^ (it holds for any w G W'^). Then /?' = z/^/j] in (i) are precisely 
those satisfying: 

(12.24) (a) : s^,{a') = -ai (/ > 0), -/?' G R+, j > 0, 

(6) : 5' = short =^ f3' = short. 

To avoid misunderstanding, we use here the notations /?' and a' for 
the non-affine components of (3' and a' instead of (3 and a used in (i). 
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The set of all ai satisfying (12.24) for some a' = [a', Uaj] G -R+^'^l— ], 
i.e., with negative non-affine components a', is described as follows: 

(a') : {aiJ) = {ai, p') > 0, {b') : (3' = long ^ ai = long. 

Always Si{l3') = j3' — ai due to (a, 6), but Si{l3') may be different from 
a' = —Sp,{ai) in the non-simply-laced case. 

If (a', b') hold, then we connect a' and (3' by a link. We say that 
different (3', (3" G ] are R^— neighbors if they are connected with 
the same a' G -R+"'^[— ] by links] similarly, 5', 5" G -Rl|l"^[— ] are called 
R~^— neighbors if they correspond to different ai and am and the same 
j3' . By a zigzag , we mean a connected subgraph of the graph of all 
roots from R~^,R^ taken as the vertices with the links considered as 
the edges; generally, it may be a tree or a loop. 

Note that if a', a" are neighbors in ], then 

(12.25) 

{(a/, -(3') < > {am, -f3')}, which implies {ai,am) = 0; 

recall that —/3' G -R+. Indeed, if ai and am are connected in the Dynkin 
(non-affine) diagram T and > Um, then Sm(tti) = + {yi/T-'m)oim 
belongs to -R+ and 

S_pi{ai + (l/i/l/m.)am) = «/ + {vilVm)0lm + iW"(-/3'), 

where M = 2{vi/vm) as z//?/ = Vm and M = 1 -|- {vi/vm) as i//3' > z/;. 
However, when —(3' is long or when all three roots are of the same 
length, then M < 2, which contradicts to the above formulas for M. 

For instance, the orthogonality from (12.25) gives that the number of 
links from a given (3' G ] cannot be greater than the maximum de- 
gree of the vertices in F considered as a tree (ignoring the multiplicities 
of laces), which is 2 unless for Z), E. 

Actually, the positivity —(3' > was used above only in the last 
inequality M < 2. For negative — satisfying the inequalities from 

(12.25) , M can be 2 for neighboring ai,am if —f3' = —ai — am and 
ai, am are of the same length. We obtain an inversion of (12.25): 

(a, a;) > < (a, am) for a G R+ =^ 

(12.26) («/, am) = unless a = ai + am and ui = Um- 
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See (12.29) below. As a matter of fact, (12.25) and (12.26) are standard 
facts on subsystems of affine root system; the latter can be deduced 
from the former by setting —(3' = [—a, Ua]- 

Restricted zigzags. We will assume that tj, ^ q~'^i^+'^+) in the 
next lemma for any u = z/sht,t'ing; the cases [— 1220,2j] G and 
[— 0121, j] G -R° for F4 will be omitted. Let us also exclude the cases in 
(12.18) or, more generally, in (12.22) and (12.23). We can now make 
(b) more restrictive: 

(12.27) {b") : up, = u^,=ui and a' = S0) = ]3' - ai. 

Respectively, we will use restricted links and zigzags. Note that one 
can find to "go" from any a' to (3' under {b") since we excluded the 
case^ where it does not hold. Also, ((/?')'', p) = {(^"Y , p) if ^' and ^" 
are R^— neighbors and 

(12.28) /3" = /3' + av - (3" = p' - av + av , = uv 

due to (12.25), (12.27), where -ai = a' = p" - av . Using (12.26): 

(12.29) (a;, a/' ) = if — a' ^ ai + for neighboring a;, . 

We will not use this fact but it is helpful in understanding the combi- 
natorial structure of R^~^. 

We mention^that J;hese definitions resemble the BGG— resolutions. 
Namely, siSm{P') = (3' — ai — am is /mfc— connected with a' and 5", and 
siSit {a') = a' — ai — ai> is connected with and P" in the corresponding 
cases. This is an example of the BGG— type squares. 

We see that the zigzag- connectivity is essentially a non-affine notion 
(if q is not a root of unity) with close relations to the classical theory, 
especially under (12.27). Given p G 1 + Z+, let 

^+'^^ (p) be the set of all 7' = [7',^] G R^'^^ [-]. 

Lemma 12.3. Provided (12.27), a restricted zigzag belongs to the set 
R^{p) UR~^{p) for proper p G 1 +Z+. If it is maximal, i.e., not a part 
of a larger zigzag, then it contains a boundary root from R^ that has 
a unique link to R~^ by definition. 

Proof. If t'ingA;ing = ksht (that includes the simply- laced case), the 
non-affine components of the roots from R^{p) constitute a subset —Rht 
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of -R_ of the roots /5 of fixed height ht = (— /9',p^). Similarly, the set 
R\.{p) will be —Rht+i- Note that the zigzags with roots of different 
length do not intersect. 

The claim of the lemma in this case becomes a simple statement 
about zigzags in —(Rht^Rht+i), which is straightforward. As a matter 
of fact, this statement is a combinatorial version of (7.13). Let us 
outline the deduction of (7.13) from the claim of the lemma considered 
for abstract zigzags in —{Rm U Rm+i) for an arbitrary ht. 

We take a maximal segment of R^— neighbors in —Rm, a longest 
chain of consecutive R^— neighbors there. It contains all roots in —Rm 
unless in the cases D, E, where we need to add an additional segment 
with the corresponding zigzag that begins at —Rm and ends at —Rm 
too. The zigzag corresponding to the maximal segment can be with 
one or two endpoints from —Rm- Correspondingly, \Rm\ — \Rht+i\ is 
0, 1, or 2 in the case of Deven- it gives the required structure of the 
right-hand side of (7.13) since the denominator is known. It is quite 
possible that this approach to proving (7.13) is known, but we found 
no proper references. 

The sets -R+(p) become the greatest as t'lng^ing = ^sht (it is the so- 
called case of equal labels). If the latter constraint is not imposed, 
then we inspect the cases of B, C directly and use that each R^{p) can 
contain only one or two different roots for F,G (if not empty). Cf. 
(7.15). □ 

The claim of the lemma is likely to hold (essentially) without im- 
posing (12.27). We expect that there must be a general reason for any 
maximal zigzag in R'^ U R^^ to contain the boundary points from 
which are the ones with only one link to 

The following corollary seems of general nature too, but we will state 
it assuming that the radical is zero and avoiding the exceptional cases 
from (12.18) or, more generally, from (12.22) and (12.23). It can some- 
what simplify proving Theorem 12.7 when being used instead of Lemma 
12.3, for instance. Lemma 1.2 and Corollary 3.6 can be avoided. 

Corollary 12.4. Provided (11.14)) assume that the radical is zero 
apart from the cases listed in (12.18). In the setting with q, the cases 
from (12.22) and (12.23) must be excluded. We also assume that t ^ 
g,-i-z+ simply-laced case. 
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Then there exists Ha for a G B and its reduced decomposition such 
that X^TTa) contains the sets R^, R^^ and satisfies the following R"^ 
R^ — alternation condition . Given any a' e the first (3' e Rl after 

a' in the sequence X{'ira) satisfies {a',/3') > and no'^'G R^^ can be 
found in X{7ra) between a' and j3' such that {^',l3) ^ 0. 

Sketch of the proof. Here adding the condition t ^ in the 

simply- laced case is important; respectively, k ^ —1 — Z+ if (11.14) is 
assumed. 

The simplest counterexample to the claim of this corollary without 
imposing this condition is (this condition is not needed for A). 

Comment. We not that if R is simply-laced and k ^ —1 — Z+, then 
the condition Rad = {0} implies that R^ is a set of pairwise orthogonal 
roots unless in the following two cases: 

Eg where k = -g/11, -g/13 ^ Z as ^ G N 

(similarly, in the setting with q). Actually the alternating sequences are 
not needed in the proof of Theorem 12.7 when consists of pairwise 
orthogonal roots; one can use part (ii) of the Key Lemma below. □ 

Essentially the procedure is as follows. We take a maximal zigzag 
path that begins with a proper boundary root from R^ (with a unique 

link to and transpose all consecutive pairs P' a' in this path. 
Then the resulting sequence can be made a part of some A (vTa)— sequence. 

The case of Eg. The following example demonstrates the procedure. 
Let R = Eg and k = —g/13, where G N and {g, 13) = 1. Then 

R° = {[-f3,g], htp = {(3,p) = 13}U{[-(3,2g], htp = 2Q], 

^-1 = {[-a,g], htc, = 14} U {[-a,2g], ht^ = 27} and also R^ = 
{[-7,(7], ht^ = 12} U{[-^,2g], /it, = 25}. 

The maximal zigzag we need is (in the notation from [B]): 

(12.30) 1232111°- -1232211- -1232210°- -1233210- 

2 2 2 2 

-1233210°- -1233211- -1232211°- -1232221- -1222221°. 
11111 
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The /5— components of the roots from are marked by °, the hnks 
are ; here the endpoints are boundary roots (that have unique hnk- 

connections with R~^). The remaining roots are of height 26, 27: 



2465321 
3 

2465421 
3 







1232111 
2 

1232211 
2 







+ 



+ 







1233210' 
1 

1233210° 
1 



The corresponding a, /3— parts of the roots from the required A— sequence 
intersected with i?"^'" can be made: 

(12.31) { 1222221°, 1232211°, 1232221, 1233210°, 1233211, 

11111 
2465321°, 2465421, 1232210°, 1233210, 1232111°, 1232211 }. 
3 3 2 2 2 2 



Recall that the ordering of the roots in A— sets is from right to left. 
Here the roots from R\_ can be inserted between the roots from R^ 

and the next ones from R^^. Recall that \R\.\ = \R+\ because of the 
assumption Rad = {0}. As a matter of fact, only one root from the 5 
ones of height 12 in R^ can appear before the last two roots in (12.31). 

Use formula (1.25) or Theorem 2.1,(ii) to justify that the resulting 
sequence can be made the intersection X^Ha) n {-R+^ U -R° U R^} for 
certain a E B. 

Using Proposition 1.4, one can construct geometrically some tTq sat- 
isfying the alternation condition. Let G 6i G £ for the basic affine 

and nonaffine Weyl chambers. Then L = {thi + (1 — i:)6o;0 < t < 1} C 
£. Let [— G -R^T^'^'^. Here j = g,2g. We assume that (6i,a) > j 
for all such roots; automatically, {bo, a) < 1 < j. Then the ordering of 
the points 

(12.32) t = t{a) = {j - {bo,a))/{bi-bo,a), where < t < 1, 

gives the ordering of the corresponding roots [— in the A— sequence 
associated with the segment L, which is a collection of the positive (all 
possible) affine roots such that their hyperplanes intersect L. The 
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condition 61 G € is necessary and sufficient to make the total set in the 
form X{7Ta) for certain a E Q. 

For instance, setting e = 0.1/(7, the vectors 60 = and hi = 

e + + cjq + ^^7) + 2eLJs + ^2 (the notation is from [B]) result in 
the following — > alternating sequence: 



(12.33) 

1233211, 
1 

2465421, 
3 



{ 1232210\ 
1 

112222l\ 
1 

1232110\ 
2 



1232111' 
1 

1222221° 
1 

1232210° 
2 



1222211 
1 

1232221 
1 

1233210 
2 



1233210°, 
1 

246432l\ 
3 

1232111°, 
2 



1232211°, 
1 

2465321°, 
3 

1232211 }, 
2 



where the negatives of the nonaffine components of the roots from i?^ 
are marked by ^. 

We note a relation of the alternating sequences to the so-called non- 
crossing partitions . The Coxeter element and its powers are useful for 
constructing required tTq and their reduced decompositions, namely, the 
formula wq = c^^'^ from [B] for the Coxeter element c = s„ ■ ■ ■ S2S1 and 
the Coxeter number h = 1 + (p^-d) if i? is not of type A and 

Wo = Si{s2Si)---{Sn-l---Si){Sn---Si) for A^. 

□ 

12.4. Key Lemma. We suppose till the end of this section that ting 7^ 
±1 7^ tsht- Here the condition 7^ —1 makes the sets R^^ non-intersecting; 
the condition 7^ 1 is necessary in the next Key Lemma. 

For a' E R+^[—] from (12.15), we determine c from tTc = SjVTc and 
suppose that there exists P' E i?° (see there) such that jS' ^ \{tTc), 
{a',j3') > and, moreover, — s^,(5') > 0. We take the pair b,i' satisfy- 
ing (12.17) assuming that 

(12.34) TT^ = Si'TTb, A(7rfe) ^ P' E A(7r^) and 

there is no 7' G ] U -R° [— ] between a' and in A(7r^). 

Recall the notations: Hb = wSiHc as l{w) + /(tTc) = /(tt^). We set 

TTd = w{i')siTTc for w{i') = w~^SiiW, i.e., vr^ is obtained when the 
inverse of the reduced decomposition of w is added to that of SiiHb- One 
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can assume that the decomposition w ^Siiw is reduced (otherwise tt;, 
can be diminished), in particular, (5', 7') 7^ for all 7' between a' and 
[3' in the sequence Hh- However we do not suppose that {w~^Siiw)si'Kc 
is reduced. We set E\ = \I^{5(j/)\I^s.£'c. 

Key Lemma 12.5. (i) Let ti ^ 1 and dimVc = 1- In the notation 
above, one of the following holds: 

(a): -s^,{a') G -R+[-], (b): -s^,{a') = ai{l> 0), (c): -s^,{a') < 0. 
In either case, E' = "^iE^^ is a nonzero Y— eigenvector. If (b) holds, 
then E' is proportional to E^. Otherwise, E' G V-^ for ir-^ = SiTTdi 
moreover, dimV-^ = 1 and E^ = E^ in case (a). 

(a) Generalizing, let us allow several pairs {P^,a^'},v = 1, . . . ,p in 
(12.34) between a' and j3' connected in the same way as a' and (3' 
(Lemma 12.1). We also assume that {(3^,(3^') = when v ^ v' . The 
polynomial E' is constructed as in (i), but now the singular intertwiners 
must be dropped when we go back from (3'. Then E' is a nonzero Y— 
eigenvector of the same weight as E^.. 

Proof. Here E\ is not a Yq,^— eigenvector in Vd due to (5',/5') 7^ 

0. In the transformation to E E', we multiply i?^ by (r_|.(Tj) — 

1/2 — 
); then we use Corollary 10.8,(ii). The key claim is that "^iEc = 

constE'c for a nonzero constant in case (6); it holds because (r+(Tj) — 

1 /2 ' — ' ■{■ 

t- )\&T^(Qq^tl) belongs to Vc and therefore must coincide with this 
space due to dimVc = 1. In the case of (a) (we will omit (c)): 

$^_ = $,$t^, dimVc = l {Y^^-t,)^,^i^{Q,,tl)=0. 

Let us sketch another approach to (i) based on Theorem 2.4. We try 
to collect ai, . . . , P' , . . . ,a' together in X{siHd). Generally, it is possible 
only for admissible triples; however, here ai is simple non-afiine and 
therefore can be moved using the Coxeter relations in A(sj7rrf) to the 
first position. At a certain moment it will become next to /5' and 
we can apply Proposition 2.2,(iii). Then we can change the order of 
intertwiners corresponding to {a/, a'} to the opposite, corresponding 
to {a',/3',ai}, thanks to Theorem 5.2,(c). 

Due to the appearance of ai, the total chain of intertwiners for SiiTd 
will result in zero for {a', /3', ai} since the corresponding chain of partial 
reduced decompositions will leave the set hb after ai. The difference of 
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two expressions for corresponding to the orderings 

and {a', l3',ai} is const Ec for const 7^ (we use that ti 7^ 1). 

Concerning (ii), the orthogonahty {(3'", (3^') = makes it possible to 
proceed by induction. Compare with Corollary 10.7. □ 

Recall that the space V(— cj)°° is linearly generated by the polyno- 
mials Eb for h such that g''" = g^". They are defined for reduced chains 
have nonzero leading terms and are normalized as follows: 

(12.35) h-X, e ®aM{q.t)Xa. 

The Eb here is a ^-eigenvector if E^ = for all b' = w'{{0)), where 
t indicate that the standard decompositions of w' G B'^^tti,) are taken, 
possibly non-reduced. 

Also recall that any V(— Cu)°° contains a unique F— eigenvector up 
to proportionality if Rad = {0}; indeed, otherwise a proper linear 
combination of two different eigenvectors from this space would belong 
to the radical. This eigenvector must be in the form Ei, for (a unique) 
TTfe <o TTc, i.e., for Tib obtained from a reduced decomposition of ttc by 
crossing out some singular simple reflections. 

For primary b = b°, the space V(— 6u)°° is one-dimensional and E^ = 
Ef, is its generator. Otherwise there would exist a >~ b with the same 
weight, which contradicts the definition of primary elements. Recall 
the definition of the primary elements: q~^* = q~''> and g"''" 7^ g""" for 
a y b°. 

Due to the condition Rad = 0, we have the following implications 
for any tTc (all claims hold true for primary elements): 

(a) {reduced decompositions of vTc contain no singular reflections} =^ 

(b) {no intertwiners r+(Tj) — t^^^ appear in the corresponding ^l/vr^} =^ 

(c) { dimVb = 1 and Ef, = E^} 

More generally, if is not infinity and not in the form T^iTj) — t^/^ 
the map 

(12.36) V(-cj)~ V(-6tt)°° for reduced Hb = SiHc 

is injective. It suffices to check that it does not kill F-eigenvectors. 
This results from the following lemma, which is a simple application of 
Corollary 6.6. 

Lemma 12.6. Let 7^ 00. We do not assume that /(sjVTc) = l + l{nc). 
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(i) The polynomial E' = \l/j(-E') belongs to Rad for a Y -eigenvector 

1 /2 

E ^ Rad of weight — if and only if'^'i is proportional to T+{Ti)—t^ , 
equivalently, (see (11.10), 

^fc.+(5\c_+d)-(a\pfc) _ ^ for a = Uc{ai). 
(a) Provided that t^ ^ —1 for all u, the intertwiner 

: 1/' V^, where = Vc modulo Rad, 

— 1/2 

is injective if is proportional to T^{Ti) + tj for i > 0. □ 

Note that the demonstration of (i,ii) is immediate if z > 0. Say, if 
^'r = Ti + t;^^\ then {E', 1} = {t^^ + t~^'^){E, 1} ^ 0, so obviously 
E' ^ Rad. 

Let us assume that there exists a G B such that R~^ C X{']Ta) and 
i?°'^nA(7ra) = 0. It is always the case for the simply-laced root systems; 
use Proposition 1.4 and follow (12.32) for Bq, bi proportional to p. Then 
Lemma 12.6 gives that an arbitrary 7f{^— submodule V of V subject 
to Rad = {0} contains infinitely many eigenvectors Ei, such that no 
singular intertwiners appear in the reduced chains for Eb, i.e., R^'^ fl 
A(vrf,) = 0. We do not need this claim too much but it simplifies the 
considerations below. 

12.5. Main Theorem. We are now in position to formulate and prove 
the main theorem of this part of the paper; the notations from the 
previous section are used. 

Main Theorem 12.7. (i) Imposing (11.14), the radical Rad of 
the form { , } be zero. Then the polynomial representation V can be 
reducible only in the following cases: 

— - g 
(12.37) -Bn. : ^ing = 7 provided that {s,2g) = l, 

where n > g > n/2, G 1 + Z+ 3 s, 

G2 '■ hng = —■5/3, as SG1 + Z+, (s,3) = l, 

F4 : Akir^g G -1 - 2Z+ or Gki^g + 2k^Yvt G -1 - 2Z+. 

If ksht is generic in this list, then Rad = {0} and, indeed, V is a 
reducible Y-semisimple TH^ —module; it remains reducible for any /Csht; 
however the radical may become nonzero. 
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(ii) Without imposing (11.14)j ^he the above conditions from (i) he- 
come: 

(12.38) : Cg e \ G, : t-^^ e \ gW, 
F4 : tf^ G \ or tj;^^^,^ G \ g^+^z,^ 

where n/2 < g < n and ^ Jor any g' such that 3 g' < g 

in the case of Bn- Iftsht is generic in this list, then Rad = {0} and V 
is a reducible Y-semisimple TH}'— module. 

(Hi) Continuing (ii), the remaining cases when Rad is {0} but V 
may be reducible are those from Lemma 12.2, (ii): 

(12.39) C„: where n>g>'^ 

t2t^M^^ for Z+3g'<g, 
Gj: t;^^epq^+ for p' + p + l = 0, 

F4: t;^,e-q^^ or t^^lt;^ e -q^\ 

If ting is generic in this list, then Rad = {0} and V is a reducible 
Y-semisimple 7H^— module. 

Proof. We will assume that ti, ^ for any u = vi^g, i^sht 

respectively for B,F,G (then z/ = z/ing) and C,F,G (then u = Usht)- 
Technically, we will need to exclude the case t E for the simply- 

laced R too; it will be considered separately. 

We also need to consider separately the cases [—1220, 2j] G R^ and 
[— 0121, j] G R^ for F4. Without going into detail, the irreducibility of 
V can be deduced directly from Key Lemma 12.5 in these two cases. 

Thus, apart from these cases and those listed in (12.37) or, more 
generally, in (12.38,12.39), let us suppose that V has a proper ftC^— 
submodule V'. 

Using Corollary 12.4, we find the portion s^tTc of the reduced de- 
composition of TTa constructed there such that Ec° ^ V but Ec° G V 
for TTc = SjTTc. Note that we examine primary c = c° {Ec may remain 
outside V). We use that V' contains all Eb with sufficiently large A(7r6). 

Then we use Key Lemma 12.5, (i) and find tti, = wSiiTc as l{w) -f 

/(tTc) = l{iTb) and iVd = w{i')si7Tc for w{i') = w'-^Si'id. The correspond- 
ing intertwiner will be applied to Ec°. The result can be either 
proportional to Ec° , which contradicts to the assumption Ec° ^ V , or 
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can be another (nonzero) F— eigenvector for the same eigenvalue, which 
contradicts to Rad = {0}. It gives the required. 

If claim (ii) of Key Lemma 12.5 is used here, then the combinatorial 
part (Corollary 12.4) can be reduced significantly. Namely, we do not 
need to use tTq with the strict alternation R^; weaker conditions 

are sufficient. 

We note that Key Lemma 12.5 can be generalized in many ways; the 
following its variant is needed to manage the case /c G — 1 — Z^. Let 
k = —g G —1 — Z^, more precisely, t = q~^; for the sake of definiteness 
only the simply-laced case will be discussed below and we will assume 
that p E B. Then A(7ra^) for the element a = a+ = gp E -B+ contains 
R^"^ and also A(7ra^) fl = 0; see (1.25). If a_ = —gp is taken, then 



Using the chain of intertwiners for -Ka_ followed by its reverse, where 
the singular intertwiners are omitted, we obtain a nonzero eigenvector 
with the same eigenvalue as for Eq = 1. It is a variant of Key Lemma 
12.5, (ii); the verification is similar to the considerations of Proposition 
10.12. It gives the irreducibility of V for t = q~^, which is in a sense 
"the most non-semisimple" case. 

Let us outline a justification of the theorem based directly on Lemma 
12.3, without using a "global" TTa satisfying the alternation property. 

Step 1. Similar to the above consideration, one can find E-^ in V' for 
primary c = c° such that tt^ = SjVTc for primary c = c° and the index 
i > satisfying (12.15) from Lemma 12.1 and with the correspond- 
ing Ec not in V'. Indeed, let c be primary such that tTc = Siiic (the 
decomposition is reduced) for some c satisfying Ec ^ V. 

We may assume that /(tTc) is minimal possible provided that Ec ^ V. 
If c is primary, then Lemma 12.6 gives that the intertwiner \Ef^ can be 



If c is not primary then Ec is not a F— eigenvector. Then is 

1/2 ^ 

proportional to (r+(Tj) — ). Taking is not sufficient here since 

,1/2 ,-1/2 



(12.40) 



Rl C A(7r„_) \ A(7r,J, A(7r„J n i?^ = 0. 



only of type (r+(Ti) + t. ^/^). 



(r+(T.) + 
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involves Ya- when applied to Ec. One has: 

— IT^T^TkT^— 

\E'^(Ec) = \&i(-Ec) = const for const 7^ 0. 

Recall that Ec° generates the space of F— eigenvectors in Vc- Therefore 
Ec° G V, which contradicts to the minimality of /(tTc). 

Step 2. Now let j3',i',7rf, be from Lemma 12.1 applied to c = c°,i. 
We take a reduced decomposition of iib extending that of tTc- We will 
also assume that /(vTb) is the minimal possible such that Ec 3 Eh- 
Then there are no singular roots [3" G A(7rf,) fl ] after Tr^ in Tr^ of 

the same type as it is straightforward to check that other singular 
roots (if any) in tt;, can be removed by diminishing 7?^. 

Recall that applying intertwiners along a given reduced decompo- 
sition of any element from ttb is always nonzero. Therefore, '^^{E^ = 
Eb for w = TTbTT"^, and b must be primary too due to Rad = {0}. More- 
over, intertwiners of type (r+(T) — t^/^) cannot appear in ^'^j because 
their {nonzero) images would belong to Rad (Lemma 12.6). 

Step 3. The only situation that may prevent us from using Key 
Lemma 12.5 is the appearance of new a" G A(7r;,) fl -R+[— ] associated 
to the same (3' (the last root in X{si>7Tb)) in the same way as a' . Recall 
that any such a" must appear before (3' in any reduced decompositions 
of the elements from ttb- 

Due to (12.25): 

a' = -(3'{ai), a" = -/?'(«„), where (a^a^) = 0. 

Applying Corollary 3.6, one can make a" before a' in A(7r;,) using the 
Coxeter transformations in this set. The procedure is as follows. 

We can assume that v = SiW~^Sii wSiTic is reduced by diminishing 
TTc if necessary; here vTf, = wtIc (cf. Lemma 12.5). Since is from 
the triple { a;, /?', 5' } can be made consecutive using the Coxeter 
transformations in the sequence \{v). Using Main Theorem 2.4, the 
set \{v) n R!_^ must contain at least two simple roots from i?'^ for an 

arbitrary subsystem R! D {a/,/3',5'} of type -83,6*3 or in this 
theorem (/3' = ei + 62 for 5, C3 and ]3' = 6^ for D^). 
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Using Coxeter transformations inside irt, one makes these roots after 
a', changing the position of a' if necessary. One of them (at least) must 

be orthogonal to (3' and therefore will "disappear" in the corresponding 
V, which contradicts to the minimality of /(vTf,) imposed above. 

We conclude that {ai, (3' ,a' } can be assumed satisfying Corollary 
3.6,(iii). It gives that a' can be transposed with a" (or with all such a" 
if there are several of them). Note that since dimVc = 1 and dimV^ = 
1, applying Coxeter transformations will not change the corresponding 
-E— polynomials (generally, it may influence the E'— polynomials). 

If Ec remains not in V', then it concludes Step 3. Otherwise we 
switch to a" and proceed by induction using the links for creating a 
zigzag in U in the terminology of Lemma 12.3. Eventually, we 
will make this zigzag maximal. Then it will contain a boundary root 
P* G ] (with a unique link to -R+^) and there will be no roots from 
] between /5* and the previous a* G -R;^"*^!— ]. 

Step 4- In the absence of a" G \{7ib) H -R+[— ] after a', one may 
apply Key Lemma 12.5, (i). Let us recall the construction. Setting 
^6 = -Sju ■ ■ ■Sj^TTc for i = ii and vr^ = Sj'TTc, we consider the elements 
TTd = ■ ■ ■ Si^Si'Tib and vr^ = SiHd- One has = tTcS^, with s^, G 
(since a' e R°). 

We do not claim that the product for vr^ is a reduced decomposition 
but the reductions can be only with the reflections corresponding to 
invertible intertwiners. Such transformations are acceptable for this 
proof. 

Here tt^ belongs to ttb if the last root in A(7r^) does. If it is the 
case, we obtain a F— eigenvector E,^- non-proportional to Ec and with 
the same F— eigenvalue; this contradicts to Rad = {0}. Otherwise, 
the last root in A(-7r^) is in the form ai for / > and Key Lemma 12.5 
shows that the corresponding chain of intertwiners results in E'c G V, a 
contradiction. This contradiction concludes this step and ( a sketch of 
the) the proof irreducibility of V without using Corollary 12.4. Recall 
that Rad = {0} and the exceptional cases listed in (12.38) and (12.39) 
were excluded. 

We will check the claim about reducibility of V when the t— parameters 
are from these lists (for generic t^ht or ting) in the cases of B, C„. The 
remaining three cases are very much similar. 
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Let US impose (12.38) and (12.39) (see also (12.22) and (12.23)) and 
verify that V is reducible (and semisimple) though Rad = {0}. This 
consideration extends the example of i?„ considered in [Cll]. 

Example of B^. We assume that k^u is generic. According to (7.22), 
the condition tf^ ^ g-2-2Z+ 1 < m < n is necessary and sufficient 

for Rad = {0}. In this case, ^° [-] = = ^+[-]; therefore, V is 
semisimple. 

The set ] is nonempty if and only if tf^^^ = for 1 < 

< n, s G 1 + Z+. Namely, the short root [— e,„_g, s] belongs to 
this set: ((-e„_g)^, p^) + /csht = -'^ghng (see (7.22)). Setting ti^g = 
exp{^)q-'/3 for s G 1 + Z+, j G Z+, if Rad = {0} then: 

(s, 2) = 1 and <g ^ ±g-i-^+ for < < n, (^V ^, 

in particular, g > n/2. 

These conditions give that Rad = {0}, V is semisimple and at least 
one non-invertible intertwiner exists, which imply the reducibility of 
V. For instance, either the relation (j, g) = 1 (any odd s > 0) or the 
relation (s, 2g) = 1 (any j > 0) is sufficient as n > g > n/2. Generally, 
{2j, s, 2g) = 1 Bs n> g > n/2 is necessary and sufficient. The simplest 
example is = 3, = 2, s = 1, j = 0. 

Example of Cn- We assume that fcing is generic and present this 
case following the previous one to emphasize that they are dual to 
each other (under q ^ g'— duality). According to (8.31), the condition 
^ for 1 < m < n is necessary and sufficient for Rad = {0}. 

In this case, -R+[— ] = = ] and V is semisimple. 

The set -R+^[— ] is nonempty if and only if t^^^ = q~'^^ for 1 < g < 
n, s G Z4.. Namely, the long root [— 2e„_g, 2s] belongs to this set: 
((-2e„_g)^,Pfc) + fcing = -ghht- Setting t^ht = Gxp{^)q~^^3 for g G 
Z+, J G 1 + Z+, if Rad = {0} then: 

(j, 2) = 1 and ti, ^ ±q~'-^+ for < g' < n, g' g, 

in particular, g > n/2 must hold. 

For instance, either the relation [j, 2g) = 1 (any s > 0) or the 
relation (s, g) = 1 (any odd j > 1) is sufficient. Generally, the condition 
{j, 2s, 2g) = 1 as n > g > n/2 is necessary and sufficient for reducibility 
of V when Rad = {0}; V is semisimple in this case (for generic /cing). 
The simplest example is n = 3, (7 = 2, s = 0, j = 1. 
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To recapitulate, let us recall that Main Theorem 2.4 and Corollary 
3.6 are not needed if Corollary 12.4 is used. Moreover, claim (ii) of Key 
Lemma 12.5 can simplify the combinatorial part of the proof. □ 

Comment, (i) As a mater of fact, this proof can be used to manage 
a more general problem of the irreducibility of the quotient V/Rad. We 
need a proper generalization of Corollary 12.4 and the Zigzag Lemma 
12.3. Note that the roots from -R+[— ] can now appear between a' 
and (3' connected by a link. The following observation is more or less 
sufficient to manage this problem. The roots from [—] represented in 
the form cannot appear in these intervals; such roots may occur 

only after (3' in any X^Hb)- A natural expectation is that if V/Rad 
is reducible then it has a F— semisimple quotient, although we do not 
have any confirmations beyond the case Rad = {0}. 

(ii) More generally, the same method is expected to help with check- 
ing the irreducibility of constituents of V. In the simply-laced case, 
one can expect that a chain of intertwiner can "enter" submodules 
of V only at the places where the simple intertwiners become of type 
r_|_(T) — t^/^. If the latter intertwiners can be avoided, generally, such 
chain can be expected to remain in the same constituent of V. Here tt^ 
must be chosen similar to that in Corollary 12.4) or a proper variant 
of Lemma 12.3 must be used. A natural step in this direction is a 
direct proof (without any reference to the localization functor) of the 
Kasatani conjecture; see [Ka],[En]. □ 

An important motivation of the constructive methods we study in 
this paper is that, generally, intertwiners are helpful for the theory of 
square integrable, tempered and similar irreducible AHA— modules. The 
analytic properties of the intertwiners acting in a particular module are 
directly related to its analytic type. See, e.g., [04, 05]; for instance, the 
so-called residual sets are directly related to R^'^^ considered in our 
paper. Here an explicit description in terms of intertwiners is needed, 
similar to what we do. 

Paper [MTa] and some other related papers indicate that the classifi- 
cation of the square integrable AHA— modules can be made sufficiently 
explicit for the classical root systems. The combinatorics involved and 
the methods from [MTa] employed are sophisticated (and the relation 
to [KLl] is far from simple). It seems important to develop the non- 
semisimple technique of intertwiners from this paper toward [05] and 
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[MTa]. Hopefully, switching to the DAHA— level can be productive 
here, but there are no direct confirmations so far. 

To conclude, we will touch upon the q ^ g'— duality for 11^ in the 
notation from Theorem 8.2. Let {t\ngt%iti ^ ^ ^ d} he the set of 
the t— powers in the numerator of the corresponding product formula 
for the Poincare polynomial Hr from (7.13) in the case ting = 4ht and 
from (7.15-7.18). We set hr = Ir + Sr and denote the corresponding 
sum in the denominator of Ur by n^. Thus rir always divides hr and 

d = n, Ur = 1, hr = rrir+l for all r as ting = tsht- Let = (^Ing^sht)"^'^'*'^- 
Equivalently, the /c— terms of the positive affine exponents of 11^ from 
(8.38-8.41) are {Irhng + Srkght + j, ^ r < d}. Respectively, the 
negative affine exponents are divisors of the non-rational positive affine 
exponents with the corresponding ratios equal to hr/ur. The number d 
coincides with the number of negative affine exponents such that j = 
from Theorem 8.2. 

We can now rewrite 11^ in a g ^ exp(27rz) —symmetric form as follows 
(cf. Theorem 11.1) : 



"'■„ \(] — n^/rir p27nj'/nr 



12.41 ng = n 

fill T-rnr-i I'l _ „ 

which is an indication that the localization functor from [GG0R],[VV2] 
can be extended to the general q, t— theory. 



NON-SEMISIMPLE MACDONALD POLYNOMIALS 



173 



References 

[Ba] Y. Bazlov, Graded multiplicities in the exterior algebra, Adv. Math. 158:2 
(2001), 129-153. 106, 107 

[BEG] B. Berest, and P. Etingof, and V. Ginzburg, Finite- dimensional repre- 
sentations of rational Cherednik algebras, IMRN 19, (2003), 1053-1088. 
22 

[BE] R. Bezrukavnikov, and P. Etingof, Parabolic induction and restriction 
functors for rational Cherednik algebras. Preprint 2007. 4, 20, 21, 22 

[B] N. Bourbaki, Groupes et algebres de Lie, Ch. 4-6, Hermann, Paris (1969) 

8, 22, 23, 27, 40, 41, 43, 45, 46, 47, 49, 52, 65, 66, 104, 111, 129, 151, 152, 
154, 160, 162 

[CI] I. Cherednik, A unification of Knizhnik-Zamolodchikov and Dunkl opera- 
tors via affine Hecke algebras. Invent. Math. 106 (1991), 411-431. 140 

[C2] — , Quantum Knizhnik-Zamolodchikov equations and affine root systems, 
Commun. Math. Phys. 150 (1992), 109-136. 7, 42, 56, 81, 83 

[C3] , — , Double affine Hecke algebras, Knizhnik- Zamolodchikov equations, 
and Macdonald's operators, IMRN 9 (1992), 171-180. 76, 77 

[C4] — , Double affine Hecke algebras and Macdonald's conjectures, Annals of 
Mathematics 141 (1995), 191-216. 10, 24, 26, 35, 36, 87, 95, 97, 101, 109, 
113 

[C5] — , Macdonald's evaluation conjectures and difference Fourier transform, 
Inventiones Math. 122 (1995), 119-145. 5, 91, 92, 93, 99 

[C6] — , Nonsymmetric Macdonald polynomials , IMRN 10 (1995), 483-515. 
5, 30, 36, 77, 87, 89, 91, 92, 93, 97, 144, 148 

[C7] — , Intertwining operators of double affine Hecke algebras, Selecta Math. 
New ser. 3 (1997), 459-495 4, 13, 14, 36, 77, 90, 92," 97, 120, 144 

[C8] — , One- dimensional double Hecke algebras and Gaussian sums , Duke 
Math. J. 108:3 (2001), 511-538. 20 

[C9] — , Double affine Hecke algebras and difference Fourier transforms, In- 
ventiones Math. 152 (2003), 213-303. 7, 10, 77, 85, 95, 96, 144 

[CIO] — , Diagonal coinvariants and Double Affine Hecke algebras, IMRN 16 
(2004), 769-791. 20 

[Cll] — , Irreducibility of perfect representations of double affine Hecke alge- 
bras. Studies in Lie theory, Progr. Math. 243, 79-95, Birkhauser Boston, 
Boston, MA, 2006. 5, 12, 170 

[C12] — , Double affine Hecke algebras, London Mathematical Society Lecture 
Note Series, 319, Cambridge University Press, Cambridge, 2006. 6, 7, 13, 
18, 97 

[CO] — , and V. Ostrik, From Double Hecke Algebras to Fourier Transform, 
Selecta Math. New ser. 9 (2003), 1022-1824. 17 



174 IVAN CHEREDNIK 

[D] C.F. Dunkl, Differential - difference operators associated to reflection 

groups, Trans. AMS. 311 (1989), 167-183. 9, 102 
[DO] C.F. Dunkl, and E.M. Opdam. Dunkl operators for complex reflection 

groups, Proc. London Math. Soc. (3), 86 (2003), 70-108. 18, 20, 103 
[DJO] C.F. Dunkl, and M. de Jeu, and E.M. Opdam, Singular polynomials for 

finite reflection groups, Trans. Amer. Math. Soc. 346 (1994), 237-256. 10, 

18, 20, 102, 103, 107, 150 
[Dy] M. Dyer, Reflection subgroups of Coxeter systems, J. Algebra 78 (1990), 

57-73. 73 

[En] N. Enomoto, Composition factors of polynomial representation of DAHA 
and crystallized decomposition numbers, math.RT/0604368 (2006). 15, 
129, 171 

[Ft] P. Etingof, Reducibility of the polynomial representation of the degenerate 
double afflne Hecke algebra, arXiv:0706.4308vl [math.QA] (2007). 11, 12, 
20 

[FJMM] B. Feigm, and M. Jimbo, and T. Miwa, and E. Mukhin, Symmetric poly- 
nomials vanishing on the shifted diagonals and Macdonald polynomials, 
IMRN 18 (2003), 1015-1034. 4, 15, 20, 129 

[FHST] J. Fuchs, and S. Hwang, and A. M. Semikhatov, and I. Yu. Tipunin, 
Nonsemisimple Fusion Algebras and the Verlinde Formula, Preprint hep- 
th/0306274 (2003). 19 

[GGOR] V. Gmzburg, and N. Guay, and E. Opdam, and R. Rouquier, On the 

category for rational Cherednik algebras, Inventiones Math. 154 (2003), 

617-651. 4, 21, 103, 172 
[Go] I. Gordon, On the quotient ring by diagonal harmonics, Inventiones Math. 

153 (2003), 503-518. 20 
[GPV] M. Goussarov, and M. Polyak, and O. Viro, Finite type invariants of 

classical and virtual knots, Topology 39 (2000) 1045-1068. 6 
[GU] A. Gyoja, and K. Uno, On the semisimplicity of Hecke algebraa, J. Math. 

Soc. Japan 41 (1989), 75-79. 10, 103 
[Ha] M. Haiman, Hilbert schemes, polygraphs, and the Macdonald positivity 

conjecture. Math. Soc. 14 (2001), 941-1006. 20 
[HO] G.J. Heckman, and E.M. Opdam, Harmonic analysis for afflne Hecke 

algebras, in Current Developments in Mathematics, International Press, 

Boston (1996). 20 

[Hu] J. Humphreys, Reflection groups and Coxeter Groups, Cambridge Univer- 
sity Press (1990). 8, 26, 27, 43 

[Ion] B. Ion, The Cherednik kernel and generalized exponents, IMRN, 36 (2004), 
1869-1895. 107 

[Ka] M. Kasatani, Subrepresentations in the polynomial representation of the 
double afflne Hecke algebra of type GL„ at t''~^^q^~^ = 1, IMRN, 28 
(2005), 1717-1742. 4, 15, 129, 171 

[KLl] D. Kazhdan, and G. Lusztig, Proof of the Deligne-Langlands conjecture 
for Hecke algebras, Invent.Math. 87 (1987), 153-215. 4, 7, 20, 171 



NON-SEMISIMPLE MACDONALD POLYNOMIALS 



175 



[KL2] — , and — , Tensor structures arising from affine Lie algebras. Ill, J. of 

AMS 7 (1994), 335-381. 19 
[KS] F. Knop, and S. Sahi, A recursion and a combinatorial formula for Jack 

polynomials, Inventions Math., 128:1 (1997), 9-22. 13 
[L] G. Lusztig, Affine Hecke algebras and their graded version, J. of the AMS 

2:3 (1989), 599-635. 12, 76, 84, 85, 139 

[Ml] I. Macdonald, The Poincaree series of a Coxeter group, Math. Ann. 199 
(1972), 161-174. 101 

[M2] — , Some conjectures for root systems, SIAM J. Math. Anal. 13:6 (1982), 
988-1007. 87, 97 

[M3] — , Orthogonal polynomials associated with root systems, Preprint (1988). 
88 

[M4] — , A new class of symmetric functions, Publl.R.M.A., Strasbourg, Actes 
20-e Seminaire Lotharingen, (1988), 131-171 . 88 

[M5] — , Affine Hecke algebras and orthogonal polynomials, Seminaire Bour- 
baki 47:797 (1995), 01-18. 35, 89 

[M6] — , Affine Hecke algebras and orthogonal polynomials, Cambridge Uni- 
versity Press, 2003. 13 

[MTa] C. Moeglin, and M. Tadic, Construction of discrete series for classical 
p-adic groups, J. Amer. Math. Soc. 15 (2002), 715-786. 171, 172 

[MTi] G. Mutafyan, and I.Yu. Tipunin, Double affine Hecke algebra in logarith- 
mic conformal field theory. Preprint arXiv:0707.1625, 2007. 19 

[01] E. Opdam, Some applications of hypergeometric shift operators, Inv. Math. 

98 (1989), 1-18. 5, 10, 103 
[02] , — , Dunkl operators, Bessel functions and the discriminant of a finite 

Coxeter group, Composito Mathematica 85 (1993), 333-373. 5, 10, 102, 

103, 146, 150 

[03] — , Harmonic analysis for certain representations of graded Hecke alge- 
bras. Acta Math. 175 (1995), 75-121. 35, 87, 89 

[04] — , On the spectral decomposition of affine Hecke algebras, J. Inst. Math. 
Jussieu (2004). 171 

[05] — , Hecke algebras and harmonic analysis, in: Proceedings of the Interna- 
tional Congress of Mathematicians - Madrid II, 1227-1259, EMS Publ. 
House, 2006. 171 

[STU] Y. Saito, and K. Takemura, and D. Uglov, Toroidal actions on level-1 
modules of Uq{sln), Transformation Groups 3 (1998), 75-102. 20 

[SuV] T. Suzuki, and M. Vazirani, Tableaux theory on affine diagrams and irre- 
ducible representations of double affine Hecke algebras of type A, IMRN 
2005:2 (2005), 1621-1656. 7 

[VVl] M. Varagnolo, and E. Vasserot, Double-loop algebras and the Fock space. 

Invent. Math. 133:1 (1998), 133-159. 20 
[VV2] — , and — , From double affine Hecke algebras to quantized affine Schur 

algebras, IMRN 26 (2004), 1299-1333. 4, 21, 172 



176 IVAN CHEREDNIK 

[VV3] — , and — , Finite dimensional representations of DAHA and affine 
Springers fibers: the spherical case, Preprint arXiv:0705.2691vl [math.RT] 
(2007). 4, 22 

(I. Cherednik) Department of Mathematics, UNC Chapel Hill, North 
Carolina 27599, USA, chered@email.unc.edu 



